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Summary: The advection and reaction diffusion equation is an important expression within many branches of 

engineering, due to its wide use within mathematical modeling in dispersion and diffusion processes in the 

transport of mass, economy or a contaminant within a porous medium or atmospheric. Now the objective of this 

article is to show the solution found in the previous article [12] was in terms of the Laplace and Fourier 

Transform now it will be in terms of the error function and its relationship with other solutions of the same 

partial differential equation can be an analytical solution option for one-dimensional, two-dimensional, or three-

dimensional models, with some examples shown.  
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1. The Pollutant Dispersion Model 
A polluting substance contained in the atmospheric environment is subject to various physical and chemical 

processes that influence its propagation and transformation. Some of these processes are: transport by advection, 

sedimentation, turbulent diffusion and transformation by various chemical reactions, in addition, due to the 

complexity of these processes, the dispersion of each substance that has been emitted into the atmosphere by 

fixed or mobile sources is a three-dimensional and non-stationary phenomenon. In what follows, a linear model 

is given that takes these processes into account, and it is assumed that all the coefficients contained in the 

respective parameterizations are known. The propagation of pollutants in the atmosphere can be described 

through the following Equation (Parra-Guevara, D. & Skiba, Y. N, 2003, [5]), with φ the pollutant 

concentration, U is the velocity vector of the wind in its three components x,y,z, µ is the turbulent diffusion 

coefficient, σ is the chemical reaction coefficient,µ𝑧 is the turbulent diffusion coefficient in the z-direction, and 

f(r,t) is the forcing or the Cup Pollutant at a specific point within the study domain. 
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WiththeConditionswithout Borders as 

 
𝝋 𝒓, 𝟎 = 𝝋𝟎(𝒓) 

With 

 

𝝋 −∞ < 𝒙 < +∞, 𝒕 = 𝟎𝒕 ≥ 𝟎 

𝝋 −∞ < 𝒚 < +∞, 𝒕 = 𝟎𝒕 ≥ 𝟎 

𝝋 𝟎 < 𝒛 < +∞, 𝒕 = 𝟎𝒕 ≥ 𝟎 

 

 

Now we will concentrate on the solution found in [12] in one and two dimensions as an application The 

solution of Partial Differential Equations by means of these techniques is of great importance and given its 

versatility in solving these models we can make use of the methodologies for be able to find a solution. 
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𝝋 −∞ < 𝑥 < +∞, 𝑡 = 𝟎𝒕 ≥ 𝟎 

 

𝝋 𝒙, 𝒕𝟎 = ∅(𝒙) 

 

(1.2) 

 

mailto:jzenteno@ipn.mx


International Journal of Latest Research in Engineering and Technology (IJLRET) 

ISSN: 2454-5031  

www.ijlret.com || Volume 08 - Issue 02 || February 2022 || PP. 09-16 

www.ijlret.com                                                         10 | Page 

To solve it we have to reduce the equation to a simpler form so we apply a known transformation 

function (Zenteno Jiménez J.R [1]) 
 

2. Solutions and Integral Expressions 

𝝋 𝒙, 𝒕 =   
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Remember that in the second integral in 

 

𝒑 𝒙, 𝝉 = 𝑸(𝒕)𝜹(𝒙 − 𝜺𝟎)𝒆−𝒓𝒙+𝒔𝒕 

(2.2) 

 
This gives us in terms of the Error function the first integral as 
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And the second integral, also with known solution 
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(2.4) 

 

Thus we finally have, accommodating the terms 
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(2.5) 

 

Analysis of the Solution in Terms of the Error Function. 

The solution is very similar to the Ogata Banks solution which, for constant sources of scattering, 

performs quite well. 
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With source, C0 = 1 and Initial Condition 0 With source, C0 = 1 and Initial Condition 2 
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Fig. (1) Solutions of the Ogata - Banks Dispersion Model 

 
Accommodating terms and for constant sources or we cannot express it in this form 

 

𝝋 𝒙, 𝒕 =   
∅

𝟐
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𝒙 − 𝒖𝒕

𝟒𝝅𝒕 𝑫
 +  
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𝟐
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With these examples we have 

Q (t) y ∅ = 1 

µ is the Diffusion Coefficient 

U is the wind speed 

𝝈 Chemical Reaction Coefficient 

 

 

µ=0.01𝒎𝟐/𝒔 

u=1m/s   

𝝈 =0.001 

x0=0.9 km  

 

 

If we decrease the reactive term 

 

 
With time dependent sources 
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Q(t)= 30 y ∅ = 10  

µ is the Diffusion Coefficient 

U is the wind speed 

𝝈 Chemical Reaction Coefficient 

 

µ=0.1𝒎𝟐/𝒔 

u=1m/s   

𝝈 =0.01 

x0=0.9 km  

 

 

 

 
Q(t)= 10 y ∅ = 0.5  

µ is the Diffusion Coefficient 

U is the wind speed 

𝝈 Chemical Reaction Coefficient 

 

µ=0.1𝒎𝟐/𝒔 

u=1m/s   

𝝈 =0.0001 

x0=0.9 km  

 

 

 

 

 

 
3. General Solution of the Pollutant Dispersion Model obtained above: 

With the General Transformation it is found in its three directions, having the homogeneous medium in 

the three directions the following was obtained: 

 

𝝋 𝒓, 𝒕 =   
∅(𝜺)𝒆
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(3.1) 
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∞
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(3.2) 

 

Thus we have an expression of the 3D solution, this solution is similar to ([11] Analytical Solution of 

Diffusion Equation for 2D and 3D System) 
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4. Examples of Solutions 
For these examples, modeled cups of anatmospheric pollutant were taken, with values of wind speed, 

diffusion coefficient and chemical reaction of the pollutant with its environment and a specific location point. 

 
Q(t) = 10 y ∅ = 1 

µ is the Diffusion Coefficient 

U is the wind speed 

𝝈 Chemical Reaction Coefficient 

 

 

 

µ=0.1𝒎𝟐/𝒔 

u=0.87 m/s 

𝝈 =0.0001 

x0=0.9 km  

 

  

 

 

 

Emission Rate 

𝑸 𝒕 = 𝒒𝒕𝟐𝐬𝐢𝐧⁡(𝒕)𝟐𝒆−
𝒕

𝟐 

 

𝑸 𝒕 =
𝒒(𝒂 + 𝒃𝒕)

𝟏 + 𝒄𝒕 + 𝒅𝒕𝟐
 

 

𝑸 𝒕 =
𝒒(𝒂𝒆− 𝒃−𝒕 𝟐)

𝟐𝒄𝟐
 

 

 

 

Fig. (2) Solutions of the Modeled sources 

 
Now the relation with only one model without the forcing term with the Emission Rate as constant in the 

initial condition. 

 

𝝋 𝒙, 𝒕 =   
∅𝒆

−(𝒙−𝜺)𝟐

𝟒𝑫𝒕

 𝟒𝝅𝑫𝒕
𝒅𝜺

∞

−∞

  

 

=

∅ ∗ 𝒆𝒓𝒇( 
𝜺

𝑫𝒕
−

𝒙

𝟐𝑫 
𝟏

𝑫𝒕
𝒕

)

𝟐 
𝟏
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Now for the transform exponential and evaluating the previous expression between the infinities 

𝝋 𝒙, 𝒕 = 𝒘 𝒙, 𝒕 𝒆𝒓𝒙−𝒔𝒕 

𝝋 𝒙, 𝒕 =
∅

𝟒𝝅𝒕 𝑫
𝒆𝒓𝒙−𝒔𝒕 

 

with 

𝒓 =
𝒗

𝟐𝑫
𝒚𝒔 = −(

𝒗𝟐

𝟒𝑫
+ 𝝈) 

 

We have the well-known solution and with the following example 

 

𝝋 𝒙, 𝒕 =
∅

𝟒𝝅𝒕 𝑫
𝒆

𝒗

𝟐𝑫
𝒙−

𝒗𝟐

𝟒𝑫
𝒕−𝝈𝒕 =  

∅

𝟒𝝅𝒕 𝑫
𝒆
−

𝟏

𝟒𝒕
 
 𝒙−𝒗𝒕 𝟐

𝑫
 −𝝈𝒕

 

 
Emission Rate ∅ 

µ is the Diffusion Coefficient 

v is the wind speed 

𝝈 Chemical Reaction Coefficient 

∅ = 100 

µx=0.009𝒎𝟐/𝒔 

v=0.85 m/s   

𝝈=0.1 

 

 

  
 

Fig. (3) Constant Rate and the one-dimensional Gaussian solution 

 
Which is the one-dimensional solution of the Gaussian case, if our model is added the dimensiony in 

diffusion like this model 

 
𝝏𝝋

𝝏𝒕
+ 𝒗

𝝏𝝋

𝝏𝒙
− 𝑫

𝝏𝟐𝝋

𝝏𝒙𝟐
− 𝑫

𝝏𝟐𝝋

𝝏𝒚𝟐
+ 𝝈𝝋 = 𝟎 

 

𝝋 −∞ < 𝑥 < +∞, 𝑡 = 𝟎𝒕 ≥ 𝟎 

 

𝝋 𝒙, 𝒚, 𝒕𝟎 = ∅(𝒙) 

 

(4.1) 

 

 

From the general solution we have only for the diffusive part 

 

𝝋 𝒓, 𝒕 =   
∅(𝜺)𝒆

−(𝒙−𝜺)𝟐

𝟒𝑫𝒕

 𝟒𝝅𝑫𝒕
𝒅𝜺 ∗  

∅𝒆
−(𝒚−𝜺)𝟐

𝟒𝑫𝒕

 𝟒𝝅𝑫𝒕
𝒅𝜺

∞

−∞

∞

−∞

  

With ε=0 at y, the solution is known as the Error function or the kernel of the Gaussian density function 

𝝋 𝒓, 𝒕 =   
∅𝒆

−(𝒙−𝜺)𝟐

𝟒𝑫𝒕

 𝟒𝝅𝑫𝒕
𝒅𝜺 ∗  

∅𝒆
−𝒚𝟐

𝟒𝑫𝒕

 𝟒𝝅𝑫𝒕
𝒅𝜺

∞

−∞

∞

−∞

  

 

𝝋 𝒓, 𝒕 =   
∅𝒆

−(𝒙−𝜺)𝟐

𝟒𝑫𝒕

 𝟒𝝅𝑫𝒕
𝒅𝜺 ∗

∅𝒆
−𝒚𝟐

𝟒𝑫𝒚𝒕

 𝟒𝝅𝑫𝒚𝒕

∞

−∞
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𝝋 𝒓, 𝒕 =  ∅ 
1

𝟒𝝅𝒕 𝑫𝒙
𝒆
−

𝟏

𝟒𝒕
 
 𝒙−𝒗𝒕 𝟐

𝑫𝒙
 −𝝈𝒕

∗
𝒆

−𝒚𝟐

𝟒𝑫𝒚𝒕

𝟒𝝅𝒕 𝑫𝒚
   

With solution 

𝝋 𝒙, 𝒚, 𝒕 =  
∅

𝟒𝝅𝒕 𝑫𝒙𝑫𝒚
𝒆
−

𝟏

𝟒𝒕
 
 𝒙−𝒗𝒕 𝟐

𝑫𝒙
 + 

𝒚𝟐

𝑫𝒚
 −𝝈𝒕

 

 
Let's see some examples, solutions are as in [13] 

 
Emission Rate∅ = 100 

V is the winds peed 

µ is the Diffusion Coefficient at x 

µ is the Diffusion Coefficient at y 

𝝈 Chemical Reaction Coefficient 

 

 

v=0.85 m/s   

µx=0.009𝒎𝟐/𝒔 

µy=0.00625𝒎𝟐/𝒔 

𝝈=0.1 

 

 

  
Fig. (4) Rate Constant and the 2D Gaussian solution 

 
Emission Rate ∅ = 100 

V is the wind speed 

µ is the Diffusion Coefficient at x 

µ is the Diffusion Coefficient at y 

𝝈 Chemical Reaction Coefficient 

 

v=0.45 m/s   

µx=0.04𝒎𝟐/𝒔 

µy=0.000625𝒎𝟐/𝒔 

𝝈=0.1 
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Fig. (5) Rate Constant and the 2D Gaussian solution 

 
Conclusions 

With these solutions and the examples given above, the previous solutions of [12] can also be put in 

terms of the error function, we can also observe that by decreasing the reactive term, the solution stabilizes and 

behaves like the Ogata Banks solution when decreasing the diffusion term, also when increasing the reactive 

term the solution increases in magnitude, perhaps in order to establish a more optimal parameter it would be 

necessary to apply the Pectle number to dimensión it, the solutions in 1D and 2D form are also a sign that the 

Integral expressions are can be applied when solving the EDP model, the graphs were made in Matlab2020a. 
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