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Abstract: The following article is a study and application about the double ZJ transform and its application to
solve Partial Differential Equations.

Summary: The article is a study and application about the double ZJ transform its application for Partial
Differential Equations.
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1. Introduction

For engineering use, the answer and solution of various differential equations with initial and boundary
conditions, ordinary and partial, is sought. Partial differential equations are solved in various ways using the
method of separation of variables and reducing their solution to series, using integral transformations depending
on the boundary conditions or not, common methods in engineering under a given geometry using numerical
methods, decomposition methods, methods of change in the variables for their reduction etc... In the literature
there are several articles with this reference, in this article that will be presented, the double ZJ transform is used
to solve some partial differential equations and an application of the ordinary ZJ transform to improper integrals
as an annex with a known technique.

Therefore, we start with the following definitions and properties to perform calculations
1.1 Definition of the Double ZJ Transform

Let f(x,y) with x, y > 0 be a function that can be expressed as a convergent infinite series, then its Double
ZJ Transform is defined as long as integrals exist.

Fr _zix_z2y
ZL(f(x,¥)) = _z_ [ f(x,v)e Bl BZdxdy

0
The double inverse transform is defined as:
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Exponential order function f(x,y) with a>0 b>0 in 0 <= x < +Inf, 0<= y < +Inf if there exist positive

constants k such that
Zilx ZZy

| fxy)<ke B+ Bz

2. Standard Properties of the Double ZJ Transform
A. Linearity property
If f(x,y) and g(x,y) with

Z],(af(xy) + Bg(x.y)) = aZ],(f(x.y)) + BZ],(g(x. ) = aTy (w,v) + BT, (u, v)

B. Change of Scale

|fo2[ (x, V))— T(u,v) sonz(f(al bV)) _1 51}99

T(au bv).

C. First Property of Change equal if it is —a or —b just replace
n+l n+l
B,

SiZ], [f(l V)) = Zfz[ bJ-Hfo(x y) ) ﬁl
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The demonstrations are immediate. Here T is the transformed function

Table 1. ZJ partial derivative transformation

dx ,81 zl z2 zl dx

2n _z2y 3
= BZ_ZI e B2 (;1@(11.}?) —%f(o, 17)) dy

d X, v Z " npon - - zlx z. n z. n zlx
Zfz( i })) _lA( 1’)_ﬁ_(P(O v) :'Bi‘gifjaf(a);'})e Ell Bzgdxd} _fz Je ;y('gl Jé‘f(x })e Elldx)d}
0

The Proof, using Integration by parts, .

the formula is demonstrated and also on 22y 1" _zx

for the partial in y =5 (ﬁ f e B2 jlu, })d}) d ('Bj e Blf(O.U)d}’)
[i]

zl 2

0

= % @lu,v) — i—f@(O. v) (1)
2
)\ (;1)2A Bz BLIf(0,y) ¥
ij( 2 = ) P(u,v) 161 @(0,v) 7, Ox
. : . m 4)
], (W) = (;—2) P(u,v) — &Z_z@(u'm - &M
dy 2 z2 B 20
azf(x.y)) 2 B ,81 7 13 132 (5)
(2 LGy . , _ &P 0 &(0,0 @(0,0
Zj( axay ) BB, Pl Bz Pl - nB,” POV 2w Y
: (6)
z2,(f(0) = ﬁzf il’“( 0
@)
71, (g(y)) = B—ﬁ— o(v)

Table 2. Double ZJ transform of some standard functions

Function Transformation of the Function
1 l32n+1 ﬁ{!+ 1
z;  z}
Bax+by n+1 n+1
1 2
z1(z, — afy)z2(z, — bB,)
(Zf+ﬂ255)(25+b2,3§) 2132(21 ﬂlzﬁl)[:zz +b2}922)
- FZ ot FIon+2
sen (ax + by) aﬁ? }3'-; . bﬁT ﬁ;
z,(z2 + a®B3)(22 + b2B2)  z(z7 + a®BF) (22 +b2B2)
. 1 on+l 2 on+2
cosh (ax + by) }3711 }3'-; . abﬁ’T }3'-;
(2§ — a?B7) (27 — b2B3)  zy2z,(z] — a®B7) (27 — b2B])
. 2 on+l 1 n+2
senh (ax + by) aﬁT }3'-; . bﬁ? }3'-;
z,(z7 — a*B7) (27 — *B7) (21 — a®B])(z7 — b*B7)

Now we move on to the calculus examples
Examples

Non-homogeneous partial differential equations
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%u(x,y) u(x,0) =x u(0,y) =0 u(0,0)=0
“oxay —c sen(cy)
Applying the ZJ Transform, we have
" u(x,y) _Z1Zp z; ) Bl z By 52
I\ —3 53— - o,v) ———@(H.O) ————(0)+—=—=(0)
2( axdy ) B, B, B, 22 z1 3, Z1 Z3
2 Z on+l pn+2
ﬁT+ BT B
=x) = —— Z],(sen(cy)) = —
ZJ, (u(x,0) = x) Zl 2 (cy) 222,(22 + c2B2)
n+2 n+l ”+° Solving and using the inverse transform we have
Z1Z3 &, v) _Zi B BT ) _ J 2 gnil
)Glﬁz ﬁl Z3 Zl ZTZz(Zi‘l‘C'ﬁE) (P(“‘ 1?) —;
3(2, + 2B, )
ZJ, ' (f (x,¥)) = xcos(cy)

Partial differential equations of order one

du(x,y) du(x,y) u(x,0) =x u(0,y) =y
ax  dy
Taking the Transformation we have f (x,v) ﬁ”
af(x,y)\ 2z ,Gn Z], ( 3 ) @(H v) — =25 (1,0)
7 — 1 v B Z3
Z]z( I !31 — @, v) 7 q;:(() 17) 2
r8:r1+2 n+2
z(u(x0) = x = —5- 2 (u(0,y) =y = =5~
1 2
Thus
n+2 n n+2
1 2
The final equation is
@, v) = zi 73 z 7}
Ir,+1 nt+2 6;&1 ﬁn+2

Solving and using the inverse transform we have
-1
Z, (fxy) =x+y

Non-homogeneous partial differential equations of order one

du(x,y) Jdu(x,y u(x,0) =x u(0,y) =0
(5 y)  dul }):gy(lﬂ) (x,0) (0,)
dx dy

Taking the Transformation we have

a v n 3 y n on+2
(52 o0 [0(552) v B

Z

,3”“ The result in g equation is as
% ﬁn+l ,Gﬂ+2
z,(e" (14 1)) = zﬁn( 3 )
_ " 1
22
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ﬁ;ﬁl
T2 n+1 n+2 n+2
5 2 gy = |~ ( 2 ﬁs) B B
:81 :82 _ }9_2 Z3 zy Zy Z)
23
Solving and using the inverse transform we have
Zl, H(f(x, ) = xe?
Partial differential equations of order two homogeneous
u(x,y) %u(x,y) w0 u(x,0) =x u(0,y) =y
AxZ ay2 u= du(0,y) o
dx Y
du(x,0) .
— = €
dy
Taking the Transformation, we have
r8:r1+2 r8:r1+2
71, (u(x,0)) = x = 5 ZL,(w(0,y)) =y = 5~
z z
1 2

71, (611(0.}')) _ _Ziﬂ 7, (ﬂu(x, 0)) ﬁTH

dx z3 dy ) zilzi+2B,)

2 2 n n
ZJ, (—6 f(x'})) = (;—l) ou,v) — f—iz_lq’a((),v) — &_ﬁf{ﬂ.})
1

2
Jx 1 Zq dx

The resulting equation is

[(z_) o1, — BL B n-3|-2_ ﬁ_ ﬁn+2]

B1 B Z5 Z1 Zz
182 n+2 )82 nt+l
[(E) @u,v) — 7, 2 e +251)] 4% (u,v) =0

Solving and using the inverse transform we have

ZLH(fuy) = ye

Conclusion
In this paper, we use the double ZJ transform to solve various types of partial differential equations and
its standard properties of the transform. Using the results, different partial differential equations are solved by
the double ZJ transform in a few steps, the only thing to be careful about is when solving the resulting algebraic
equation and to facilitate the calculations you can setn = 1.
In addition, an annex of the use for Improper Integrals with a trigonometric structure in the numerator
with a form similar to the double transform.

Appendix
In this section of the appendix to the article, the 1D ZJ transform will be used to solve some cases of
improper integrals.

Definition 1.
The Transform is defined as: ) ) )
71|(rw.5)| =21 (5) = - 0] &7 ot (

www.ijlret.com 12 | Page



International Journal of Latest Research in Engineering and Technology (IJLRET)
ISSN: 2454-5031
www.ijlret.com || Volume 10 - Issue 08| August 2024 || PP. 09-14

Inverse Transform

2 @B, 01 =5 [, eFir (5) Bz @

Where z is a positive integer constant, B is the complex number and n is a positive integer.
Examples with Improper Integrals with the numerator as a trigonometric function.

Example 1

J‘ cos(x) dx
1+ x?

Taking the transform and putting a t in the cosine argument
n cos(tx)dx | =2t
| ( [ 7) P
z 1+x
0 —co

Now we have two functions, which are, and solving the Integral
m 1 JSn+1 J'I.',Gn+1
dx = ———
f (1+x2)(22 -I—xzﬁz) x 2z(z + B)
0

Now taking the Inverse of the Transformation we have the solution and remember that itis —oo < x << oo
thuswitht=1

j cos(x) dx T

1+x2 e

— oD

Example 2
(s8]

sen(x) dx
[
0

Taking the transform and putting a t in the sine argument

Ef Jc'osen(tx)dx -zt

e B dt
z x
0 \o

Now we have two functions which are and solving by the Inverse Transform to the Sine transformation
we have the following, now as it is only the interval 0 < x <oo, it is only 7 the integral thus with the sine it
diverges, so taking a branch in its complex exponential terms as in Complex Analysis we have the result or
completely solving the Integral gives us the demonstrated result.

fe) (%)‘H = f(sen(X))dx = nf(%)dx _ g
1] 0 ]

This technique can also be corroborated by the complex analysis residue method.

Example 3
o0

J‘ xsen3(x)dx

(4 +x2)?
0
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Taking the transform and putting a t in the sine argument

Z

sen(3tx) =

o0

@112 e B dt

3Xﬁn+2
z(z? + 9x22)

Now the Integral is left to us
o0

Ixidx ﬁn+2

(4 +x2)2 z(z2 + 9x2/32)
0

1
Solving the Integral with respect to dx, taking the Invers ef (E) and with Z 8™ and t = 1 you have the solution

3me®
-8
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