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Abstract: In this new article, the Adomian Decomposition Method is presented, along with the application of
the ZJ transform together for the solution of second-order nonlinear Mixed PDEs and a generalization of this
type of equation through illustrative examples, the effectiveness and potential of this hybrid approach to obtain
approximate analytical solutions of nonlinear problems will be analyzed.
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Introduction:

Ordinary differential equations (ODEs) and nonlinear partial differential equations (PDEs) model a vast
range of complex phenomena in various scientific and engineering disciplines. However, the inherently
nonlinear nature of these equations often makes obtaining exact analytical solutions difficult. Consequently, the
development and application of robust and efficient approximate numerical and analytical methods have become
an active and crucial area of research.

Among the powerful analytical techniques for addressing ODEs as well as nonlinear PDEs , the
Adomian Decomposition Method (ADM) has emerged as a versatile and effective tool. Introduced by George
Adomian in the 1980s, ADM offers a methodology for obtaining solutions in the form of convergent series
without requiring linearization, discretization, or the introduction of small perturbation parameters—features
that often limit the applicability of other traditional methods. The cornerstone of ADM lies in the decomposition
of the nonlinear operator present in the equation into a series of specific polynomials, known as Adomian
polynomials, which depend on the components of the series solution.

The use of integral transforms, such as the Laplace transform , has proven invaluable in simplifying
and solving differential equations, especially those with linear terms and well-defined initial conditions. Integral
transforms convert a differential equation into an algebraic equation in the domain of the transform, which is
often easier to solve. Subsequently, applying the inverse transform allows us to obtain the solution in the
original domain.

The strategic combination of the Adomian Decomposition Method with integral transform techniques has
led to promising hybrid approaches for treating nonlinear ODEs and PDEs. By applying an integral transform to
the original differential equation, the linear terms can be simplified, while the Adomian Decomposition Method
handles the nonlinear part by generating the corresponding Adomian polynomials.

General Description of the Combined Method (Adomian-2ZJ) for Second Order Nonlinear
Mixed PDEs
Let us consider a second-order nonlinear PDE of the general form:
L(u(x,t)) + R(u(x, 1)) + N(u(x,t)) = h(x,t)
where:
o L(u(x,t)= %the linear operator of order 2

o R (u(x,t))represents the linear operator with first-order derivatives.
o N (u( x,t)) represents the nonlinear operator.
e h(x, t) is the non-homogeneous function (source term).

Thus, the EDP is:

0%u

dxdy

+ R(u(x,t)) + N(u(x,t)) = h(x,t)

With U =2
oy
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T (2 4 RGue,0) + M) = hx ¢
ax 6y + u(x, ) + u(xl ) - (xl )
ou
I + R(u(x, t)) + N(u(x, t)) = h(x,t)
ou (0,
u(,0) = ) 252 = )

Now taking the ZJ transform on both sides of the equation with respect to x

Step 1: Application of the ZJ Transform
We apply the ZJ transform, denoted by ZJ { - }, to both sides of the PDE:

23S+ ZI{R(u(x )} +ZI{N (u(x 1))} =23 {h (x, 1)}

Using the properties of the ZJ transform for first-order derivatives:
U z n
215G UGE ) U

Step 2: Solution in the ZJ Domain by accommodating terms within the PDE
gt B B B

UGx,y) = —7= UO0.y) =~ ZJx[Ru] =~ 2], INul +~ ZJ[h]
Replacing the boundary condition
— B B B B
UGY) = 5 90) =~ ZJ[Rul =~ 2], [Nul + = 2] [h]

Now taking the inverse ZJ transform with respect to x
n+1
U(x,y) =Zl;1[ g(y)] -ZJi!

'[Z—gZ]x[h — Ru — Nu]

'[Z—gZ]x[h — Ru— Nu]

72

Ulx,y) = g() —ZJ;*
Now we have a nonlinear, nonhomogeneous, first-order PDE, taking the ZJ transform with respect to y

§Z]x[h — Ru — Nu]

0
71, |55) = 21, le01 - 21, |21

Now with
ouy _z —— B"
Z) {5} —Eu(x, y) —u(x,0) —

n

z Bz "
Eu(x, y) —u(x, 0)7 = Eu(x, y) — 7f(x)
So now we have
u(x,y) = ﬂzz flx)+ éZ]y lgO)] + §Z]y zZJ;t §Z]x[h — Ru — Nu]

Now taking the inverse ZJ transform with respect to y and

n+1
+ZJ;? §Z]y zZJ;1 f

;Z]x[h — Ru — Nu]

u(x,y) = ZJ,! [ f(x)] +2zj;! §Z]y[g(y)]

72

The indicated transformation expression is obtained.

+ZJ; gZ]y zZJ;! §Z]x[h — Ru — Nu]

glly[g(y)]

u(x,y) = f(x) + ZJ,!
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Step 3: Application of the Adomian Decomposition Method
Now, we apply the MDA to solve the equation in the ZJ domain. We asume that the solutionu (t) can be
expressed as an infinite series. super position principle, the solution can be represented as an infinite

series)y oo @n (x, t)
If we observe the nonlinear operator N u (x, t) from our equation, we decompose it as a series of

Adomian polynomials as N u (x, t) = X2, A, (x, t)where An are Adomian polynomials of u,and it can be

determined by the relation
1 d" Zfln
= T

Ay =uf
A = 2uguy

A, = 2ugu, + ud
uy\°
(5) =
dy
Application Examples
Example 1

Let the Mixed Nonlinear Second Order Partial Differential Equation be
0*u ou\?
dxady B (0_y> =0
du(0,y)
ay

ByU = 3—;’ applying the ZJ Transform, on both sides

Now calculating the Adomian Polynomials

With

Withu(x,0) =0 =1

au
Now, regarding the properties of the first derivative of the Z-transform, step 1
K] [ n
{5 =50ty ~ v E

Step 2
Replacing the boundary condition

n+1
vy = - " +§fo[02]

Now taking the inverse ZJ transform with respect to x

‘Bn+1
Ulx,y) =ZJ;* [ ] +z];1

B
;Z]x[uz]l

Now we have a nonlinear, nonhomogeneous, first-order PDE, taking the ZJ transform with respect to y

B

Sl z]l

Ux,y)=1+ZJ;!

2, |53 = 201+ 21y |21 2 [(6;‘)2]

So now we have

- n+2 [ [ /9 2
uey) =Lz |71 P, (32 ]

Now taking the inverse ZJ transform with respect to y and

n+2 [ 9 2
u(x,y) = 2J;" [ﬁ ]+ 2, 21 7 [(—")
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Step 3: Application of the Adomian Decomposition Method The System remains as

o ﬁzjx[ auo ]‘ }

[
|8
Uny1 = Z];lll;Z]y zZj;t

Now calculating the Adomian Polynomials

Ay = uf
A = 2uguy
A, = 2ugu, + ud
With
2
(5) = 4o
dy
Thus withn=0
u; = xy
Thuswithn=1
A ) ) duy 0uy )
1 = Uy = ay dy =X
u, = x%y

Therefore, when forming the series we have
Uy = Uy + U T+ Uy + -
Uy =y+ xy+xiy+--
The series converges thus and finally we have the solution analytics.
[ee]

u(x,y)n = yzx" = 1{

n=0

Example 2
Let the Mixed Nonlinear Second Order Partial Differential Equation be

*u N <0u>2 1
axay \ay/

du(0,y)
dy

by U = i;—l; applying the ZJ Transform, on both sides

Withu(x,0) =0 =0

au
7 |52+ 21071 = 2311)
Now, regarding the properties of the first derivative of the Z-transform, step 1
Kl — n
{5 =2 UGy - O E

Step 2
Replacing the boundary condition

n+2
vy = Ly

Now taking the inverse ZJ transform with respect to x

ﬁn+2
U(x y)_Z]x [ 23 ] Z];l
B

du 5

B
;Z]x[uz]l

7
ay x—Z]

Now we have a nonlinear, nonhomogeneous, first-order PDE, taking the ZJ transform with respect to y
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zj, [g—l;] =Z],[x] - Z], zZJ;! ﬁz]x [(g:) ]

So now we have

. pvr P |8 '(au)z
u(x'y)_x 23 _ZZ]y Z]x ZZ]x_ ay
Now taking the inverse ZJ transform with respect to y_and
: 1
L [B |8 LB [raw?]||]
u(x,y)=x21y1[ - ZJylll 7|25t (221 |(55) J'
[ ]
B

|
u(x,y) =yx—ZJ, B z], | ZJ;! i

oG]

Step 3: Application of the Adomian Decomposition Method The system remains as

b5

Upyy = —Zly1|ﬁ z], |ZJt

Now calculating the Adomian Polynomials

AO = u(2)
Al = Zuoul
A, = 2ugu, + uj
With
dug\>
() -
dy
Thus withn=0
__ Xy
Thus withn=1
ouy duy 2x*
Al Zuoul 2 ay E —T
2x°y
2= 5
Thus withn=2
_ 17x7y
U= 7315

So the series that begins to have
x3y 2x°y 17x7y
ubey) =yx=—==+—5~ 375
u(x,y) = y tanh(x)

Example 3

Let the Mixed Nonlinear Second Order Partial Differential Equation be
*u N ou (au)z 4
axdy adx \dy)

Withu(x,0) =0 u(0,y)=0 au(()y)

=0
by U = 3—; applying the ZJ Transform, on both sides
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Z [aU]+z [au] ZJ U3 =ZJ[1
J 55|+ 2 |55 — 2 W1 =2)01]
Now, regarding the properties of the first derivative of the Z-transform, step 1
7} zZ n
2453 =Gy -uOnE

Step 2
Replacing the boundary condition

Ux,y) ==Ux,y) +
Now taking the inverse ZJ transform with respect to x

L

Ux,y) = —ZJ; UG, y)'] + ZJ:1 [ﬁ - ]+le A =7J.[U?]
Ju _ E
a—y——u(J\f,y)+J\f+Z]x1 ZZ]x[UZ]

Now we have a nonlinear, nonhomogeneous, first-order PDE, taking the ZJ transform with respect to y,
and taking the other boundary condition
B ou\ 2]
Z]x < ) - Z]y[u]

21, [3%] = 27, 1x1 + 27, | 2771
oy oy

So now we have

. ‘Bn+2 ,8 ~
u(xy) =x——+-2J, | ZJ;*

dy

[, [("“)2]' o

Now taking the inverse ZJ transform with respect toy and

1
L, [B B B [raw?||!
u(x,y) = xZJyl[ |- w5t L, | o (55) ||| 25t B
-l
ﬁ B du 4 [B
u@y) = ye+2J5' =21, | 215 (£ 2, [(a—y) ] 215 |22, 1w
Step 3: Application of the Adomian Decomposition Method The System remains as
Uy = yXx
‘.
,8 B ou,
s = 250 22, |23 |22 | (G y) - 25 [E, 1l
Now calculating the Adomian Polynomials
AO = u%
A1 = 2u0u1
A, = 2uguy + ud
With
uy\> 5
(W> = Ao=x
Thuswithn=0
B x3y xyz
M=
Thus withn =1
_2x® 2x°y x3y?  xy3
TR

Thus, the series that begins to have is, as a solution
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x}y  xy?2xSy x3y? «xyd
wEwy) =yxt e e Tyt

+ -

Now, as you can see, we can make a generalization about this type of mixed nonlinear PDEs of other orders, let
it then be as
L(u(x t)) + R(u(x, t)) + N(u(x,t)) = h(x, t)

W + R(u(x,t)) + N(ulx, t)) = h(x,t)

. a1y
With U = PR

0 (an >+ R(u(x,t)) + N(u(x, t)) = h(x,t)

ax \ay"
Z—Z+ R(u(x t)) +N(u(x t)) = h(x,t)
ou(0, du(x, 0 0?u(x, 0 "2 (x, 0
w0 = 00 522 = g P22 < i T = o L TSR o

As can be seen, what needs to be generallzed |s thenth derlvatlve of the ZJ Transformation, then, equivalently, y

=t
][amu(x . ( )mﬁnj e ?u(x t)dt — ﬂz—nt:: [(%)m_l_k

% u(x, 0)
otk

Q= —je Bu(x,t)dt

Now, the development of some derivatives

Derivative Expression
[au(x, t) z_ ﬁ u(x,0)
ay A
[0%u(x, t)] z2 _ p" B,
Z] a—yz F(p—gll(?(,())—;ll (x,O)
-Bsu(x,t)— ZS ~ Z.Bn :Bn ﬁn "
ZJ i)—y3 F(p 57 —u(x,0) —F u'(x,0) ——u"(x,0)
'64- : 1 4 2 n n n
zJ % %@ ﬁf u(x, 0) — [fz '(x, 0) —%u”(x 0)
'BZ u'”(x, 0)

We apply the ZJ transform on X, denoted by ZJ { - }, to both sides of the PDE:
Z3{Z3+ ZI{R(u( )} +ZI{N (u(x t)}=23{h(x 1)}
Using the properties of the ZJ transform for nth-order derivatives:

Step 2: Solution in the ZJ Domain by accommodating terms within the PDE
— B B B
U(X, y) - 2

U0,) = > ZJ[Rul == 2] [Nul += 2], [A]
Replacing the boundary condition
gt B B B
2

UGt y) = —5= 90) =~ Z]x[Rul =~ 2], [Nul + > 7] [h]
Now taking the inverse ZJ transform with respect to x

n+1
Uxy) =2 [,322 g(y)] +2J; '[E;Z]x[h — Ru— Nu]
an—l :
% =g +2ZJ;! §Z]x[h — Ru — Nu]

Now we have a nonlinear, nonhomogeneous, first-order PDE, taking the ZJ transform with respect to y
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an—l :

zZ];t

Now this is the transform of thenth derivative, resulting in:

uz.y) = (E)m ﬁ’f [@)M_l_k] %} + (§>m ZJ,lgn] + (g)m z],
0

VA VA
k=

B

ZJj 1 ;Z]x[h — Ru — Nu]

Now taking the inverse ZJ transform with respect to y and
m-—1

e =2 |(E) |2 2G5 [ () oo
k=0
+ Z];,1 (g)mZ]y Z],;1 §Z]x[h — Ru — Nu]

The indicated transformation expression is obtained.

<§)m Z],lg)] A"

| oo

u(x,y) = a(x,y) +ZJ," ZJ:* |~ 2)x[h — Ru — Nu]

Step 3: Application of the Adomian Decomposition Method Finally, the general recursive system remains.

w=ate)+ 2151 |(0) 210001 + 2151 |(5) 21, |5t | 2,
Y s =25 |(2) 2|2 220 R D G + ) Any)
n=0 l n=0 n=0 ]
Let's look at an example )
3u ) <0u>3 —o
ax2ay “\ay)
Withu(x,0) = 0 202 — 1 2400 _ 4

ady axy
We apply the ZJ transform on X, denoted by ZJ { -}, to both sides of the PDE:

2
21{533223{U% =0
Using the properties of the ZJ transform for nth-order derivatives:

Step 2: Solution in the ZJ Domain by accommodating terms within the PDE

ﬁn+2 ﬁn+1 ,82
=t 2 +ZZ—ZZ]X[U3]

Ux,y) =

Now taking the inverse ZJ transform with respect to ax

U(x’ y) _ Z];l [ﬁn+2] N Z];l [ﬁn+1] '82

p= — |+ 252 [2.107]

ou 4 2 s
@ =x+1+2Z]; ZZ—ZZ]X[U ]

Now we have a nonlinear, nonhomogeneous, first-order PDE, taking the ZJ transform with respect to y,
and considering the following condition u(x,0) =0

2
252, 10°1

0
z], [%] = 7)) + 2], (1] + 2], | 21
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Now taking the inverse ZJ transform with respect to y, simplifying

1|8 1|, P
u(x.J’) = xy+y+Z]y1 ;Z]y Z]xl ZZ_ZZ]x[US]
Now the system is considered as
U =xy+y
N |8 N
> w = 2151 221, |20 |25 27, 10°)
n=0

By the Adomian method

n=0
Having similar Adomian polynomials
Ay =1
Ay = 3udu,

A, = 3uu? + 3uiu,
With

dug’

(0_yo> =A,=01+x)3

Thuswithn =0

[oe]

S w =217z, |z

V4

2

2521101+

n=0

Solving and simplifying, we finally have

x*y x5
u = 3x2y+x3y+7y+1—3]
Therefore, when forming the series we have
Uy = Ug+ Uy +u; +--
xty x5
U, =y+ xy+3x2y+x3y+7y+1—g+---

By combining the other very long terminus, the type of series that converges is observed; finally, we have the
analytical solution.

y
u(x,y)y = yzx" =1
n=0

Conclusions
The combination of the Adomian Decomposition Method (ADM) with the ZJ transform (Adomian-ZJ
method), as well as other Adomian-Laplace methods, offers several significant advantages over classical
methods for solving certain nonlinear PDEs:

However, it is important to take into account some limitations, such as in the case of nonlinear ODEs:
e The convergence of the Adomian series is not always guaranteed and may depend on the nature of the
nonlinear equation and the conditions of the problem.
e  Calculating Adomian polynomials for complex nonlinearities can be laborious.
o  Applying the inverse ZJ transform to the components @, (x, t)may not always be trivial and may
require special techniques or the use of transform tables.

The Adomian-ZJ method offers a powerful and elegant alternative to classical methods for solving
certain nonlinear PDEs, especially those where linearization or perturbations are not suitable or where an
approximate an alytical solution is sought without resorting to discretization.
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