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Abstract: We present a binary-power decomposition for every integer; express an integer a as the sum of
successive powers of 2 and identify any missing terms (called defectors). This yields a unique partition of a into
a complete part (a full geometric sequence of 2-powers) minus a defector sum. We introduce the notion of an
integer’s rank (the highest exponent in its decomposition) and develop an algebra governing parity and
exponentiation directly from these binary-power sums. As a principal application, we revisit the Diophantine
equation (x™ + y™ = z" for n = 3). By analyzing parity patterns and exploiting uniqueness of the binary-power
decomposition, we show that no nontrivial solutions exist in N® when n > 3, recovering Fermat’s Last Theorem
through an elementary combinatorial-parity argument.
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1. Introduction
The binary expansion of integers underlies both computer science and number theory, yet its direct role
in structural Diophantine arguments remains underutilized. In this paper, we develop a systematic algorithm to
decompose any integer a intoodd number=a = (2™ + 2™ 1 4 ... + 21 4 1) — (2~ Kk~ 4 pm-(kz-1) 4

co 4 2m=(kr=1y «complete odd numbers-defectors” or even number = b = (Z"" $2mlyy 21) -

(2m=Ua=1 4 ... 4 2™ ~*"Dy«complete even numbers - defectors”, where “Defectors” are omitted 2-powers
that prevent the sum from being a full geometric progression. By classifying integers as complete (no defectors)
or incomplete (one or more defectors), we obtain: A unique representation for each integer. A natural rank
function r(a) = highest exponent in the full-sum model.

A concise algebra of parity, tracking how sums and nth-powers move between odd numbers and even
numbers forms. We then apply these tools to the classical Fermat equation (x™ + y™ = z"for n = 3) Parity
constraints force the only viable pattern “odd number + odd number = even number”. Combined
with the uniqueness of the binary-power decomposition, this parity analysis suffices to exclude all nontrivial
solutions for n > 3. Our method revisits Fermat’s Last Theorem from a fresh, purely arithmetic perspective.

2. New representation of integer numbers based on 2’s-powered and their algebraic relations

2.1. preliminaries
In following,every number in N or Z can be show in various representationsuch as:

(i) a=pi'py’..p;" . r€EN,p; € Z,a; € Nand p; is prime number ;
(i) a=2".a,+10or a=2".a,,a;,€7Z,i=1,2, r,r, EN.
From the point of view of properties, there is twokindof numbers (in Z), as follows:
(1) odd numbers, we show generally with @ = 2k + 1, k € Z and we will represent it by "i";
(2) even numbers, we show generally with a = 2k, k € Z and we will represent it by “p".

Today in mathematics, there is a current representation of numbers, related to be odd or even forms that
they are shown in (i),(ii). We notice to numbers from the point of 2’s-powered, and we are getting their
properties upon this representation.

Definition 2.1.1.Algorithm of representing of integer numbers, based on 2- powered.
Supposei = a = 2"k, +1,r € N, ky € Z , then k, has the two below cases upon the system i — p, (5;_,):
(1)k1=2k2+1,k2 EZ,SO
i=a=2"k +1
=2".(2.k; +1)+1
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=2""1 Kk, +2"+1, (2.1)
() ky = 2k, ,ky € Z , 5O
i=a=2"k +1

=2".(2.ky) +1
=21k, +1, (2.2)

(1-1) ky, =2.k3+1,k; € Z, 50, (2-1) become as follows
i=a=2"1k,+2"+1
=21 (2. k3 +1)+2"+1
=22 ks + 2T + 27 + 1,
(1-2) k, = 2k3 , k3 € Z, 50, (2-1) become as follows
i=a=2"1k,+2"+1
=2"1 (2.k3) +2"+1
=22 ks + 27 + 1,
(2-1) ky, =2.k3 +1,k3 € Z, 50, (2-2) become as follows
i=a=2""1k,+1
=21 (2. k3 +1)+1
=272 kg + 271 4+ 1,
(2-2) ky =2.k3,ks € Z, so, (2-2) become as follows
i=a=2"1k,+1
=21 (2.k3) +1
=22 kg + 1.
By continuing this process, we will have the following extensions of 2’s-powered,
i=a=2+24+..+242% a>B>-->0>Q02>0,
similarly, ifa = p = 2".k, ,r € N, k; € Z then we will have the following extensions of 2’s-powered,
p=a=2+2F+..4+2042% a>B>-->0>Q0>0.

2.2. Representation of integer numbers based on 2’s-powered and their algebraic relations.
Definition 2.2.1. Let a€ Zand a=2+2F + .. +29+2%, a> B> >0 > Q> 0,f sentences of

number 2% + 28 4 ... + 29 4+ 22 are sentences of a geometrical progression with respect value of 2, then "a" is
a complete number and otherwise "a" is incomplete number.

Example 222. If i=a=2m+2™1+...+21+1 then finite sequence (1,2%,..,2™°1,2™) is a
geometrical progression with respect value of 2. Therefore i = a is an odd complete number.

Example 2.2.3. If p=b = 2™ 4+ 2m~1 4 ... 4 23 4+ 2 then finite sequence (2,2%,...,2™~1,2™m") is not a
geometrical progression because sequence (2,23 ,...,2™ 1 2™ )has a defector "22". Therefore p = b is an
even incomplete number and "22" is a defector.

Definition 2.2.4. Base on the representation of 2’s-powered, every integer number is aomplete or incomplete
number. We present every incomplete number to two parts, at first, we have complete part and in second part,
we have the defector part so,

incomplete number = complete part — defector part
the complete part is sum of the sentences of a geometrical progression with respect value 2 and defector part is
sum of sentences which their absence causes incompleteness of that number. Sentences of defector maybe there
in one or more point of complete part such as successive or periodical. Therefore general presentation of integer
number based on 2’s-powered may be shown as the following forms:
Ifa = i,then
i=a=2m+2m1+..+21+1)— (2m k1D 4 gm-(ke=1) 4 ... 4 pm-(kr—1))

m

= Jy — (m—(k1—1) m—(k2-1) 4 ... m—(ky—1)
() 2H—-(2 +2 +--+2 )
j=0
=(2m1 - 1) — (Zm—(k1—1) 4 2m=(k2=1) ... zm—(kr—1)) , (2.3)
and if b = p, then

www.ijlret.com 35 | Page



International Journal of Latest Research in Engineering and Technology (1JLRET)
ISSN: 2454-5031
www.ijlret.com || Volume 12 - Issue 01 || January 2026 || PP. 34-53

p=b= (2’"' +2m 1y g 21) — (@M =Ua=1) 4. gm Dy

m
- (Z 2)) — (zm'—(ki—l) T+t zm'_(k;’_l))
j=1
_ (Zm'+1 _ 2) _ (Zm'—(k;—l) L —<k,'-1>)_ (2.4)

Notice. If i = a = (2™ — 1) — (2m~(=D 4 2m=C(kz=1) 4 ... 4 2m=(kr=1)) then two part is as follows,
(i) complete part=2m +2m14...4+21 41
— 2m+1 _ 1

(ii) defector part = 2m~ (-1 4 gm-(ka=1) ... 4 gm-(kr—1)
Also, ifp=b = (2"‘5r1 - 2) - (2"‘"("'1‘1) ot 2™ _(kr'_l))then two part is as follows,

(i) complete part= 2™ +2m~1 4 ... 4 21
— Zm'+1 _ 2,
(ji) defector part = 2m ~(k1=1) 4 ... 4 2™ ~(k~D)
If @ = i then the range of changes for defector part is from 0 to all 2’s-powered of geometrical progression,
expect first sentence and last sentence. It means that, the least amount of defector of number,
i=a=2m1-1)—(2m -V 4 gm-Ckz=1) 1 ... 4 2m=(kr=D)) g a5 follows,
i=a=2m1-1)
=2m42m1yp42141
and the most amount of defector of number,
i=a=2m"1-1)— (2m k=D 4 gm=lk2=1) 4 ... 4 2m=(kr=1)) 5 a5 follows,
i=a=0Qm+2™ 4+ .42 +1)— 2™+ +2Y)
=2Mm+1.
Similarly, the least amount of defector of numberp = b,
p=b= (2’"”’1 - 2) - (2’""("'1‘1) 4+t 2™ _("r"l))is as follows,
p=b=(2""-2)
=2m f2m1 4.4 21
and the most amount of defector of number,
p=b= (2"‘”r1 - 2) - (2"‘"("'1‘1) 4ot 2™ _("r’_l)) is as follows,
p=b= (2" +2" 4+ 421) = @71+ 2
=2m
Notice. According to algorithm of representing of integer numbers based on 2’s-powered, representation of
a=2%+2F+..+294+2% a>B>-->0>Q=>0isunique.Alsoit will be proved later in the form of a
theorem. Therefore 2’s-powered are recognizer of identification of the number a, whether it is complete or
incomplete.

Definition 2.25. If a=2%+2f + .- +29+2%, a>B>-->60> Q>0 we say rank "a" is equal to
greatest power of the representationof "a" and we show it byA(a) = a.Also we say two integer numbers a, b
are homorank if and only if A(a) = A(b) , whether they both are complete or incomplete, or a is complete and
b is incomplete or vise versa.

Theorem 2.2.6. Inherence of homorank for an equality.
Leta,b € Z and a = b then, A(a) = A(b).
We consider

a=2+28+..420422 a>B8>-->0>02>0.
b=2% +2F +..429 422  a'>B'>-->0 >0 >0.
froma = b, we have

20420 4. 420 429 =20 L 26 4 ... 4 20 4 20 (2.5)
if there exist w € N such that 2“is sentence of a and 2® isn’t sentences of b , by factorization 2 from (2.5)
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we have , , / ,
29+ 2P 4 4 20Ft 420 207l 420428 =20 28 4+ ...+ 20 +29 50
2070 +2P70 4 128 4+ 20+ 27 4 4 2070 4 2070

=209 4280 4.4 200

+20 -0, (2.6)
from (2. 6) we have

2070 y 2B-w 4 . 4 28420 =
, , o 27442979 4+ 277 = fractional number
20 @ 4 2B @ 4 ... 4 20 -0 4 29 -0 =y 4 fractional number,
hence, in §;_, , (2.6) is become as follows,
2070 4426420 4270 44200 £ 2070 = 2@~ | ... 4 26~ 4 20~

i + fractional number = p + fractional number therefore
i =i—p = fractional number,
it is contradiction. n

Corollary 2.2.7. According to theorem 2. 2. 6 an integer number cannot be coincide complete and incomplete.

Theorem 2.2.8. (The greatest of defector number a = i) If a = i is incomplete number and it has greatest
of defector, then,a — incomplete number's part = 3.
Proof. Let=a = (2™ + 2™ 1 + ...+ 21 + 1) — (2™ G0 ¢ 4 ... 4 2m=(k—1D)y
weputa; =2m+2m 14 ... 4214+ 1anda, =2m*k1 D 4 .. 4 2m- eV q = a; — a,. Since it
may not be there 2°=1 or 2™ in a,because if there is 1 ina, then a = p and it is contradiction and if there is 2™
in a, then A(a) > A(a), it is contradiction. Therefore when
i=a=02m+2™1+...42 +1) - (2™ 1 +...421) wehave a = 2™ + 1 and
a, =2m14..421
=222 +...4+1)
=2(2m1-1)
=2m—-2
=2™+1)-3
=a-3
Hencea, =a—3anda, <a. m

Theorem 2.2.9. Let a = i be an incomplete number and ¢ = i is a complete number also A(a) = m and
A(c) = m' then, A(a + ¢) = max{ A(a) ,A(c)} + 1 or A(a + ¢) = max{ A(a) , A(c)}
Proof. Ifa =i = (2™ + 2™ " 4 -+ 21 + 1) — (2™ k=D 4 ... gm-(he D))

and ¢ = (2™ *1 — 1) then A(a) = m and A(c) = m’, we have three cases between m and m’,
L)ym=m
Qm>m';
Bym<m’;

(1) If m =m’ then,
a+c= [(2m+1 _ 1) _ (Zm—(kl—l) 4ot Zm—(kr—l))] + (2m+1 _ 1)
— (2m+2 _ 2) _ (Zm—(kl—l) 4ot Zm—(kr—l))
= (24 2m 44 2) — (2m-GaD) 4y gmm(e—D)) (2.7)
from (2.7) we have A(a + c¢) =m + 1.
(2) If m > m/then,

a+c=[2™1—1)— (2ma-D 4 ..y gm-(e=D)] 4 (2m +1 _ 1)
— [(2m+1 _ 2)+2m +1 _ (Zm,_(kl_l) 4ot Zm—(kr—l))]
=[@2m+2m 1 4.4 2)42m 1 (2m-Ga-D 4 g pmoGe—D))]
=[(2™ + 2™ 4o 42m Flppm g g 2)42m L (gmoGaD g gme(eoDY)
= (2m*+1 4 2m 4.y 2) — (2m-CkaD 4 ... 4 gm-CD)
— (2m+1 42m g Zm, 4ot 2) _ (Zm + . +2m,+1) _ (zm—(k1—1) 4ot Zm—(kr—l))
— (2m+1 42Mm . p2m 4oy 2) _ (Zm 4o gm A1 ogm=(ky-1) 4 . 4 zm—(kr—l))l
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ifm <m—(k;—1)thenA(a+c)=A(a) =mandifm =m— (k; — 1) thenA(a+c)=A(a) +1=m+1and
ifm >m—(k; —1)thenA(a+c)=4(a)+1=m+ 1.
(3) If m < m'then,

a+c= [(2m+1 _ 1) _ (Zm_(kl_l) 4ot zm—(kr—l))] + (Zm +1 _ 1)

= [(2™ 1 — 2) 4 2m+1 — (2m-(a=D) 4 .4 gm—(e—1))]
= [(Zm' 42m -1 4y 2)+2mt _ (gm-Ga-D 4 4 gm—(k-D))
=[(2m +2m -1 4. q2milypgm 4oy 2)42ml _ (2m-Ga-D) 4L g gm(e—D))]
, , = [(Zm +149m 7|_ et 2) — (Zm—(k1—1) 4ot 2m—(kr—1))]
= [(2™ F42m 44 2™ e 2) — (27 e 4 2 gmo(a D) g gm-(a—D))(2 8)

from(2.8) we have A(a + ¢) = m' + 1.

Theorem 2.2.10. Let a and ¢ be as follows

i=a= (2m+1 -1) - (Zm—(kl—l) 4o g Zm—(kr—l))

i=c= (2m+1 _ 1) + (ZM—(kl—l) 4+ Zm—(kr—l))
Then A(c) = A(a) + 1.
Proof. We have i = ¢ = (2™*1 — 1) + (2™~ &k1~D 4 ... 4 2m=(—1)) 'if we choose 2™~ k1 from defector number
part of a = i since there exist 2™~ (=1 jn complete part of ¢ = i so we have

i=c= (2m+1 -1)+ (Zm—(kl—l) 4t ZT"—(kr—l))

=M™+ -+ om=(k1-1) L ... pogm-(ke=1) | ... 4 2 4 1) (ZM—(kl—l) 4ot 27"—(kr—1))
- (2m+1 42m=(kr) 4 ... 2 4 1) + (ZM—(k1—1) 4ot ZM—(kr—l—l))
= (2m*1 4 2m=(ka=1) 4 gm—(kr—1=1) 4 pm=(kr) 4 ... 4 2 4 1), (2.9)

From (2.9), we conclude A(c) = A(a) +1=m+ 1. [

Theorem 2.2.11. If a = i is a complete number and A(a) = m ,then it can be written as a sum of m, odd complete
numbers plus (m + 1) and if b = p is a complete number and A(b) = m , then it can be written as a sum of m, odd
complete numbers plus (m).
Proof. Let
a=2m+4+2m1 4.4 2+ 1 then we have
a=[2"-1+1D+2™1-1+1)+-+2-1)+1]

=["-D+R2™"1-1D+-+2-1)+ (m+1)),

alsoleth=p=2m+2m14...42
b=[2™"—-1+1D+2™1-1+1)+ -+ (2—-1)]
=["-D+R2™"1-1D+--+2-1)+ (m)]. [

Theorem 2.2.12. If a = i is a complete number and a = 2"a’ + 1 thenr = 1.
Proof. Suppose @ = 2™ + 2™~1 4+ ... + 2 4+ 1 s0 we have,
a=22m14+2m2 4. +1)+1
=2a +1,
on the other handa = 2"a’ + 1s02a’ +1=2"a +1 or2a’ =2"a itmeansa = a’ andr = 1.m

Theorem 2.2.13. Representation of every integer number based on 2’s-powered is unique.
Proof. Suppose @ = 291 +2%2 4+ ... + 2%  0<a; < a, < <aanda =21 + 22 4 ...+ 2Bs
0 < By < B, < < By, without decreasing of generality, we consider a; < 81 SO

a=2% 429 4.4 20 =281 422 4 ...4 2Ps

Hence
20 4 gaz—ar ... 4 gar—a1 — 2PB1—a1 4 PPB2—a1 4 ... 4 PBs—a1
14 2%@1 4 ... 20r—a1 — 2B1~a1 | PB2—a1 ... 4 PBs—a1
i=p,
it is contradiction. |

In continuous, we will show very important application of this concept.

3. Applying representation of integer numbers based on 2’s-powered and algebraic of integer numbers
3.1. Preliminaries
The integer a € Z have oddness’s property (@ = i) or evenness’s property (@ = p) . Also, the a®,n € N has

www.ijlret.com 38 | Page



International Journal of Latest Research in Engineering and Technology (1JLRET)
ISSN: 2454-5031

www.ijlret.com || Volume 12 - Issue 01 || January 2026 || PP. 34-53

that property too. This system named S;_,,. In the following, we mention the properties that they have many applications
inS;_p.

(DIf=a€eZ, theni =a"

(2)f=b€Z,thenp = b"™, ,

3) Ifa,bEZ,azi,bzpl,thenaibzi;

4) Ifa,bEZ,azi,bzi,thgnaib;p;

(5) There is the property p = p ori = i inthe both sides of the equality a = b.

Now, we suppose (a, b, ¢) € Z3, so in S;_p , it may be there exist possible cases as following:
Da=p,b=p ,c=p ,s0 (p,p.P);

Qa=i,b=i,c=p ,50 (ii,p);
@B)a=p,b=i,c=p ,s0 (Pip);
@a=p,b=p ,c=i 0 (pp,i);
Bya=i,b=p,c=i ,50 (ipi);
®)a=i,b=p,c=p ,s0 (i,p,p);
(7)a=p,b=l,c=i' , SO (p,i,i');
®a=i,b=i,c=i ,s0 (ii,i).
InS;_, , if we consider algebraic relation of addition a + b = c, then

(i) the cases 3, 4, 6 and 8 are not correct,

(ii) the cases 5, 7 are identical so we will consider the case of 5 as a logical relation,

(iii) the case 2 is a logical relation,

(iv) the case 1, by factorizing 2’s-powered from the both sides of equality p + p' = p" be changed to cases of 2
(i+i' =p)or5(i+p = i"),of course this matter be proved in nexttheorem.

Theorem 3.1.1. Let(a, b, ¢) € Z3 be an answer for equation x +y = zand = p,b = p ,c = p then (a, b,c) is
derivation of case 2(i, i , p) or case 5(i,p, i ).

Proof. Supposea = p =2™k,b = p =2™kand ¢ = p =2™k',mm ,m €N ,kk k' €Z and k, k ,k
are "i" then,

’ a+b=c
2mg 4+ 2m K =2m K (3.1)
There are four cases between ,m’,m",
(i) Ifm = m = m’so (3.1) become as follows
k+k =k
i+i =i

p=i
it is contradiction.
(i) Ifm <m andm < m’ so (3.1) become as follows
2mk +2m Kk =2m K

k +2m-mK =2m-mK’ 5o

ti+tp=i ifm=m" (I)
{ i+tp=p ifm<m (D’
Therefore (I)is (2) or (5) and(II) is contradiction.

(iii) Ifm <m andm < m’ the proof is same as (ii).
(iv) fm" <m andm’ <m’ so(3.1) become as follows
2mk +2m Kk =2m K
Rl N L T
pti=i ifm =mI)
{p +p=i ifm <mUn"

Therefore (I)'is (2) or (5) and(II)" is contradiction. n
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Theorem 3.1.2. Let (a, b, ¢) € Z3be an answer for equationx™ + y* =z neN and=p,b=p ,c = p’ then
(a, b, c) is derivation of case 2 or case 5.

Proof. It is same as proof of theorem 3.1.1. |

Corollary 3.1.3. Let (a, b, ¢) € Z3 be an answer for equation x™ + y™ = z" then a, b, c are pairwise disjoint and
answers are the forms case 2(i +i = p) or case 5(i + p = i).

Proof. According theorem 3.1.2 it is obvious. ]

Example 3.1.4. The triple (3,4, 5) is answer of equation x? + y? = z? because 3% + 42 = 25 = 52 and this answer has
form (i+p =1i),also 3,4,5 are pairwise disjoint.

Notice. Let (a, b, ¢) € Z3 be an answer for equation x™ + y™ = z" . If algebraic equation by form a™ + b™ = c" is
2(i+i =p)andb € Z" andn € N is odd, then we have.
ar+b"=c"
a*—(-b") =c"
a=c"+ (—b)",
it means (¢, —b, a) € N3 is an answer equation. x™ 4+ y" = z" and ithas form 5(i + p = i) . Similarly 5(i +p = i)
transform to 2(i + i’ = p), so we limit our domain to N.

Theorem 3.1.5. Let(a, b, ¢) € N2 be answer for equation x™ + y™ = z" then a, b, c # 1.
Proof. Suppose =1,a=i,c=psoa™+1=c", wehave
c"—-a*=1
(c—a)(c* 1+ c"2.a+-+ca 2 +a* 1) =1.
So(c—a)=1and(c" '+ c"2.a+-+ca"? +a*)=1.From—a=1,wehavec=a+1soc>a>1.0n
the otherhandc™ ! + c®*2.a + --- + ca™ 2 + a™® ! = 1. Itis contradiction. n

3.2. General proving of Fermat’s Last Theorem (FLT)

Theorem 3.2.1. (FLT Theorem). Prove that equation x™ + y™ = z" doesn’t have the answer (a, b, ¢) € N3 such that

a, b, c are pairwise disjoint and n > 3.

Proof. Suppose (a, b, ¢) € N3 is answer of x® + y® = z", s0 a™ + b™ = ¢™.Also possible forms of a® + b™ = ¢" in

Si_pareform2(i+p = i) or from 5(i + i = p), which we can show in general +i+p =i

We put:
a= Zrla' +1,
b=2".b,

ta™ + b" ="

+(2"a + D" + (2" .b)* =(2".c + 1"

n n ' , n n .
T \n—j ryn p'n — r ./ \n—k

.Z;<i)(2 a)yi |+ @27 )b _<Z(k)(2 ) >
]:
(gt (@) 14 @)mbm = (T @)+ (32)
In (3.2) r," and r "' have different state relative to each other as follow
Dr <r',r;
@)r' < nrr’
@r"” <rr.

I+

First, we investigate the case (1) r < r',r" and then, after the complete investigation. Similarly, we prove case (2) and

(3). Ifwe suppose " =r +s,s=0andr"” =r + t,t > 0 then, equation (3.2) becomes the following two
equations.

-3 (7) (2ma)"I — 1+ 2" pm = (RR25(0) 200 ) R) + 1; (3.3)

T (1) @ra)™T + 14+ 2009, b = (Rod(R) 2040, ¢ k) + 1, (3.4)

By simplifying equation (3.3) we have
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n-1 n—-1
Z (:) 2040, ¢ ynk 4 Z (n) (2Ta)" +2 = 2nTH) p'
k=0 j=0 J
n-1
n —j —j) @) 'n—j !
Z ( _)zr(" D2t ¢ 1 a4 2 = 2ne) p'm,
=
by factorization of 2 from both sides we have
i (1) 2t 260 ¢ O 4 @M 4 1 = 2nr L, (3.5)

itis equivalentto form 2(i + i’ = p).
Now by simplifying equation (3.4) we have

n-1 n—-1

_ Z (n) (Zra’)n_j + z (Tl) 2(r+t). C’)n—k = pn(r+s) b’n

i \j k

. j=0 k=0

Z;lz—ol (;l) o1 (=) [Zt(n—j). C’"_l —-a ("—])] = n(r+s) p'n ’ (3.6)

it is equivalentto form5( + p = i').

From now on, we consider equation (3.5) instead of form 2(i + i’ = p) and equation (3.6) instead of form 5(i +
p=i')nm

Theorem 3.2.2. Prove equation x™ + y" = z"forn = p and form 2(i + i’ = p) isn’t established.
Proof. Suppose there exist (a, b, c) € N3 such that @ = i,c = i,b = p and a™ + ¢"™ = b™. We know, form 2(i +
i' = p)isequivalentto (3.5),

n—1
Z <Tl) Zr(n—j)—l [Zt("_j)_ C:(n—i) + a'n—j] +1= 2n(r+s)—1. b’n
i\ ]
j=0 ]
yars (j) 2r(n=i-1 [zt(n-ﬂ. ¢y a’”"] +n.27a +2t.¢]+1=2r0+9-1 p'n (3.7)
we show (3.7) inS;_,, , SO
n-2
n
(_)p[(pvi).i+i]+p+i=p
=i
p+tp+i=p
pti=p
i=p,
it is contradiction. ]

Theorem 3.2.3. Let (a,b,c) € N3,a,c = i and b = p be an answer for equation x™ + y™ = z" (form 2(i + i’ =
p)andn = i > 3, thenequation a + ¢ = 2™+ b'js established.
Proof. We have,
a*+c"=b"
(a+0)Yig a7 (—¢y =b", (3.8)
we show (3.8) inS;_, ,s0

i-p
n—-1

(a+ C)Z i.i= (209 pyn
=0

(a+c).i= QT pH,

hence

2n(r+s)|(a + C),

or

(a+¢c)=2""*p" b =i (39 m

Theorem 3.2.4. Prove equation x™ + y™ = z"forn = iand form5(i + p = i') isn’t established or equation
¢ —a = 2"+ b’ is established.

Proof. Suppose there exist (a,b,c¢) € N3,a,c = i, b = p and a™ + b"™ = ¢". We know form 5(i + p =
i') isequivalent to (3.6), so

Z;l:_()l (;l) Zr(n—i) [Zt(n—j). C’"‘] —a (n—f)] = n(r+s) b'n,
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0)
we consider (1)t > Oand (2)t = 0.
(1) If > 0, then with respect to factorization of 2" from (3.10) we have

Z;lz—ol (;l) Zr("—f—l) [Zt(n—j). C’"_j —-a ("—i)] — 2(n-Drons p'n ,
the right side of equivalent is p. But the left side of equivalent in S;_,, is as follows

n—-1

Z (']1) or(n=j-1) [Zt(n—j). L (n—n]

Jj=0
n-2

= Z (7) or(m—j-1) [Zt(n—i), "7 —a ("_j)] +n2t.c —a

—0

~,

=1i.
It is contradiction.
(2) Ift = 0thena=2"a +1,b=2"5b +1, c=2".c +1.Then,
a*+b" =c"
c—at = p"

n-1
(c—a) ) c® VT (ay = 2n0+s) p'n
=)
n—1
(c—a) z i.i=2n0+s) p'n
j=o
n-1

(c—a) Z i =2n0+s) p'n
j=o

(c —a).i =20+ p'n
hence

2n(r+s)|(c _ a)’

or

(c—a)=2"0+) p" b =i

(3.1

(GB1l) m

Theorem 3.2.5. Prove equation x™ + y" = z"forn =p = 2™.n'and form5(i +p = i') isn’t established or
if it has answer, then equations ¢ —a =22""U+)-m p" o ¢4 q=22"nA+s)-m b" or ¢c_gq=

22" r+9)-m_p'are established.

Proof. Suppose there exist (a, b, c) € N3 suchthat ,a=1i,c = iand b = pand a® + b™ = ¢" . We have

a*+b" =c"
¢ — a® = p"
we have n =2™.n' | so

c2"n g2 = pn, (3.12)
left side equivalent (3.12) is as follows , , , ,
c2mn _ g2™n — G )2’" — (a® )zm
= (")) = (@ )" )?
_ (sz—l.n' + az’"—l.n’)_ (czm—l.n’ _ azm—l.n')’
by continuing this process we have,
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n Zm—'li

2" _ g2"n m (e#™ v +a* " ).(c® —a™), (3.13)
m-v .,
now, we expand sentence 2" TUn g g2 g foIIows

2" g g2 @t ¢ +1)2" vy (2. a + 1)2m v
2mV g’ omv 2MmVq n
- Z ( j' )(zm N2 Z ( ' )(zr.a’)z’""’-" *
j=0
2M—V om-v , o , o
— z ( j )[(2r+t)2"’ Yn '.C’Z nj oy (Zr)zm’".n -J a’z n *1]
j=0

_gzmn (Zm]v )Zr(zm va'j) [(Zt(zm" $).c " i+a'2"‘"’-"'*’], (3.14)

in equation (3.14) according to t = 0, we have two cases
(1) Ift = 0 then,

om—v '

R m-v ' o , I
CZm_".n' 4 aZm_V.n’ _ Z (2 ' .n Zr(zm V' —j) [C,Zm—v.n —j + a,zm v, _]-]
J
3 gme, N\ | amevn [ gmevg  ameva
Z 27 [c "JTta ] +2

j=0 J
2m v’ 1 ,
2m ' n m-v,' 5 _
=2 Z < . )2”(Z "D Migil+1
=0 J
=2{(p) + 1}
=2{p + i}
= 2i.
(2) Ift > 0then,
CZ”'_".n, + a2m_".n'
g 2Mm ' n ' m-v,  _: ' ' m-v.'
Z < ) r(Z n —j) [(Zt(zm—v_n _]-))C, 2mv g n a,z n —1]
Zm _2 Zm 17 ’ m-v, _: ' m—-v.' m-v., _:
— Z < ) 21.(2 n —j) [(Zt(zm—v_n _]'))CIZ n —j n arz n —]]
. J
j=0

+2m v . 2"[2 +a']+2

=2fy2g 2 (T ) 2@, g 4 2mer [ 4 ] + i}

=2{p+p+i}
=2{p+i}
’ = 2i,
hence for v < m, we have’,czm_"n +a?™ "™ = 2iTherefore the equation (3. 13) simple as follows
’ c2"n —a = (2im-1) - (2im—(m-2))- (c" +a") (c® —a)
c2"n _ g?tn = gm-1 (c +a") (c —a"), (3.15)

on the other hand, we have
CZm.n' _ aZm.n' — (2(r+s)_b’)2’".nl
_ szn (r+s) b'zm ’ (316)
from (3. 15) and (3 16) we have
2m-1 (c +a® )- (c —a® )= 22" (r+s) 2" n

S0
(Cn’ n an’)_ (Cn’ _ an’)_i = 22" (r+s)—(m-1)_p'2"n (3.17)
butn' = iso
n' -1
(c" +a”)=(c+a) Z 1 (—ay
j=0

=(c+a)i,
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and ,
n -1
(c"' - a"') =(c—a) Z 1 (@)
j=0
=(c—a).i,
hence (3.17) simple as follows ' ' , ,
(c® +am).(c" —am).i
’ =(c+a)(c—a).i
— ZZm.n'.(r+s)—(m—1)' b 2™n '
on the other hand, we have a = 2"a’ + 1 and ¢ = 2"*t¢ + 1 s0
(c+a).(c—a)i= (2" +1)+ (2"a +1)).((2™c +1) - (2"a +1)).i
= (2"¢ 4 2Ta +2).(2"c — 27a).i
= 2121 4 271  +1). (2% - a).i,
S0
2r+1(2r+t—1c’ + 214 4 1). (Ztc’ _ a').i — sz.n’.(r+s)—(m—1). bfz"‘,n',
by factorization of 27+ from both sides we have
(2r+t—1c’ + 214 4 1). (ztc’ _ a').i — sz.n’.(r+s)—(m—1)—(r+1). b’zm-nl (3.18)
Now we discuss upon different values of r, t in equation (3.18).

(1) Ifr = 1thenequation (3.18) become as follows
(2tc +d +1).(2tc —a).i = 22" (A+9)-(m+1) p2"n (3.19)

(1-1)Ift = 0 then, equation (3.19) become as follows
(€ +a +1).(c —a).i=22"n A+s)—msD) p2"n

SO

22m.n'.(1+s)—(m+1)|c’ _ a'

or

c —da = 22"’.n'.(1+s)—(m+1). b’ b =i (3.20)
hence

2¢ —2a = 22"n (+)-m p" (3.21)

on the other hand, @ = 2"a' + 1 = 2a’ + 1and ¢ = 2"*¢' + 1 = 2¢ + 1 50 equation (3.21) is as follows
ZC’ _ Za' — ZZm.n,.(1+S)—m. b”

2¢ +1) — (2d + 1) = 22" (A+)-m p’

c—a= ZZm.n’.(1+s)—m. b”

c—aq=2"a+)-m p" (3.22)

In future, we will discuss about equation (3.22).

(1-2)If t > 0 then, equation (3.19) become as follows
(2t +a +1).(2tc —a).i = 22" (+9)-(m+1) p2"n (3.23)
in(3.23),2% +a +1=pand2fc —a =iso(3.23) is as follows
(2'c +a +1).i.Q = 2270 () ~(m1) py'2%n
(2'c' +a +1).i=22"n Ar)=mtD) (3.24)
on the other hand, @ = 2"a’ + 1 = 2a’ + 1 and ¢ = 2"*t¢ 4+ 1 = 21*t¢" + 150 equation (3.24) is as follows
(2'c' +a +1).i = 22" A+)=(m+D) §
2(2t¢ +a +1).i = 2270 A+)-m ;
(@Y +1) + (2a +1)).i = 22" Ars)=m j

(c+@).i=22"n A+s)-m ;. (3.25)
hencq

22'".11 .(1+s)—m|(c + a) ’

or

c+a=22"n Ar)-m p" p = (3.26)

In future, we will discuss about (3.26).
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(2) Ifr > 1 then, equation (3.18) become as follows

@r+t1¢ 4 271¢ 4 1).(2¢ — a).i = 22" Grt9)-(mir) p2"n (3.27)
(2-1) If t = 0 then, equation (3.27) become as follows /
(271 + 27 1a +1).(c — a).i = 22" r+)—(min) p2n (3.28)

in(3.28), 2" ¢ + 2 'a' +1) =iand (c —a’) = pso (3.28) is as follows /
21 + 2 1a +1).(c —a).i= 220 (r+s)=(m+r) p'2"n

i.(c —a).i=22"n res)—(mir) p2mn
(C’ _ a’).i — 22m.n,.(r+s)—(m+r)_ b 2mn

hence

ZZm.n'.(r+s)—(m+r)|(c’ _ a’),

or

c—da = 22"’.n'.(r+s)—(m+r).b”,b” =i, (3.29)

on the other hand, @ = 2"a’ + 1 and ¢ = 2"*'¢ + 1 = 2"¢ + 1 so equation (3.29) is as follows
C’ _ a’ _ sz_n'.(r+s)—(m+r). b”
ZT((;’ _ a:) _ sz_n'.(r+s)_m- bu
@27¢ +1) - (27a + 1) = 22" (r+o-m
c—a= ZZm,n'.(r+s)_m. b, om ' . b”

"

c—a=2"T+)-m p" (3.30)
In future, we will discuss about (3.30).
(2-2) If t > Othen, equation (3.27) become as follows ,
(2rt1c + 27 1a +1). (2t¢ — a).i = 22" n r)-(mir) p'2"n (3.31)
according to S;_,, equation (3.31) become as follows
@1 + 271a +1). (2 — @).i = 22" CrHe)—min) 2N
p.i+pi+i)@p-1i.i=pi
P+p+0DWOi=p
i.i.i = p,
it is contradiction. [

Summary 3.2.6.We proved: if equation x™ + y™ = z" has an answer (a,b,c¢) € N>a,c = iand b = p then,
following statements are established.
(1) c+a=2"*)p"(3.9)n = ib" =i
(2) c—a = 2"+ p”" (3.11)n = ib" =i
3 c—a=2"M+)mp' (322)n=p=2"nt=0r=1b" =i
4) c+a=2"Mmp' (3.26)n =p =2™mnt>0r=1b" =i
(5) c—a =2 mp"330)n=p=2"n"t=0r>1b" =i

3.3. Proving inequality (3.9) in summery 3.2.6

Theorem 3.3.1. Ifa = iisincomplete and ¢ = iis complete number in N, then equationa + ¢ =
2nr+s) p",b"” = i,n > 3,n € N isnot established.
Proof. Suppose

m
a= (2m+1 -1) - gm—(k=1) j — 2J — gm—(ke=1)

’ ’ j_o
c=2m*l—_1=ym 2k
So
a+c=3rg2 —2m el j 4y 2k = 2009 b, (3:32)

according to theorem 2.2.9 we have,

A(a + ¢) = max[(mvm)] + 1or A(a + ¢) = max[(m v m)]

hence in equation (3.32) we have,

(1) ifb"” = 1,thenn(r + s) = max[(m v m')] + 1lor max[(mvm')]
() ifb"” > 1,thenn(r + s) < max[(m v m')] + lormax[(mvm)]
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Now we congider the different cases between m and m' in (3.32)

(Hh.m = m;

an.m >m’;
(IID.m <m’;
(D .If m = m' then, we have the different cases between m, k; in (3.32)
(I)m > ki,
(I)m < k;;
(I3)m =k,

(I).1f m > k;then, equation (3.32) is as follows

2 Z 2/ — pm—(ke—1) j = 2n(r+s) p’

j=0
m

Zj — Zm_(kl)_i — 2"(T+S)—1.bu
j=0
Zj"il 2i 1 —2m-(ke) j=pn(r+s)-1 p
in §;_,we have
p+t+i=

=

i = p,

it is contradiction.

(I).If m < k. then , equation (3.32) is as follows
m

m
Z 2/ —2m-Uke=1) 4 Z 2/ =2n0+s) p”
j=0 . j=0

2 ) 2/ —om-(ke—1) j = on(r+s) p”
j=0
m

2j _gm—(ky) j = pn(r+s)-1 [

j=0
o2 = 2ntrt9)-1 p" 4 gm-(k)

in(3.33), m < k,som— k, < 0or2m &2 _jis fraction number in lowest terms. Hence left side is belong to
N but right side doesn’t belong to N. It is contradiction.
(I3) If m = k, then, equation (3.32) is as follows

m

m
Z 2] _ Zm—(kt—l)_ il + Z 2] — 2n(r+s)_ b"
=0 =0
m

2 ) 2/ —2.i; = 2n0+) p”
j=0
Y2 —iy = 2=l p” (3.34)
in (3.34), we put i; = 2%1.i, + 1. So we have
m
Z 2/ — i, = 2n+9)-1 "
j=0

m
Z 21— (2000, + 1) = 200491

j=1
m
Z 2/ —2%1 j, = 2n0+)-1 "
j=1
Yot 2l — 28171 i, = 2n() -2 p, (3.35)
if 5, — 1 > 0so0, it is contradiction because
m—1
Z 2/ — 28171 j, = 2n(rts)=2
j=0
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i—p.i=p.i
_ i-p=p
L=Dp,
and if §; — 1 = 0 or §; = 1, by continuing the above method we have a &, € Nsuch that i, = 2%2.i; + 1 so
(3.35) is as follows

m—-1

}:ﬂ—qzzmﬂ*?w

j=0
m—-1
}:ﬂ—2%5—1zzmﬂ*?w
j=0

Z 02 2j —282-1 i3 = 2n(r+s)—3.blr'
If 8, —1 > 0 so, it is contradiction because

m—2
z 2 —282-1 i3 = 2n(r+s)—3.bH
j=0
i—p.i=p.i
i-p=p
i=p

And if 8, —1 = 0 or §, = 1, by continuing this method, we have two modes

1) The equation (3.34) is a contradiction.
2) In the equation (3.34), 2i, is a geometrical progression with respect value of2. In this mode the equation
(3.34) establishes.

In future, we will show, with respect properties of FLT, this mode doesn’t establish.
(I .fm > m' ,weputm = m’' + mg, then (3.32) is as follows

Y2/ —2m-laD) g ym gk —gnrs) b,

S0
m' +mg
22521 2: J'—2m-(kem1) j = n(r+s) p
i =m +1
2,021 §fi;ﬁ§21 -1 _pm- h.i=2"“+9 1 p”, (3.36)
in (3.36) we have different cases between m, k;
(I1,)m > ky;
(I,)m < ky;
(II3)m = ky;
(I1,) Ifm > k, , then equation (3 36) in §;_,, is as follows
m' +m5
Z 2 - Z 21 _gmoke j = g1
' =m +1
i+tp—-p=0p
i+p=p
i = p,

it is contradiction.
(I1,) Ifm < k, , then equation (3 36) is as follows

m' +mg
Z 2] Z Zj'—l _ Zm—kt_i — 2n(r+s)—1_bll
' =m +1
2 — zfi;ﬁizr*-—zm h:+2"““>1lf’ (3.37)

in(3.37)m < k,som < k, < 0or 2™ _j is fraction number in lowest terms, hence left side is belong to N
but right side doesn’t belong to N. It is contradiction.
(I13) Ifm = k., then equation (3.36) in §;_,, is as follows
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m' +mg

m
Y- Z 2/ -1 gmoke j = guirts)-1
j=0 j=m+1
m m' +mg
Z 2/ — Z 2/ 1 _j = nir+9)-1 v
' , ’ j=0 j=m+1
o2 —XT Y T 1—i = 2n Ly,
Weputl—i=—2%.i s0
m m' +mg
Z 2~ 2/ -1 _ 281 j = gnire-1 pv
j=0 j=m +1
m - m' +mg
2 Z 2/ -2 Z 2/ 72— 220171 j, = 2n@+s)-1
j=0 j=m +1
m -1 m' +mg
Z 2/ — Z 22 2811 = nlrte)-2
’ Jj=0 j=m+1
Yot 2 4 2m Tt - 2017y = 2nreZ p (3.38)

if we have following condition
IHz)m —1>00rm > 1;
II3,)6,—1>00ré; >1;
I;;)n(r+s)—2 >0o0rn(r+s) > 2;
I3, )ym—2>0o0orm> 2,
then, in §;_,, equation (3.38) become as follows
m—2
Z 2 2m 12811y = gnrae2
j=0
i+tp—-p=7p
i+p=p
i =p,
it is contradiction.
Now we have to consider what will happen if one of the above four conditions isn’t met
(II3,) 1fm <1 ,thenm =1orm =0, weconsiderm =1soc=21"1—1=3anda = 22" — 1 —
2i, therefore, we have
a4+ c"=hb"
(2%t™s — 1 — 2i,)" + 3" = p"
n—-1
(224ms — 1 — 2i; +3) » (22*™s — 1 —2i))® VT (-3)/ = p"
j=0
(224ms — 2§, + 2).i = (209 p)"
2(2M™ms — i, +1).i = 2"0+) p'n
(21ms — i, +1).i = 2n0+9-1 pn (3.39)
from (3.39) we conclude 1 + mg = m > 2 we puti, = 2%1.i, —1s0
(21ms — 201 4, + 1+ 1).i = 2n0+)-1 p'n
2(2ms — 28171, +1).i = 2n0+9)-1 p'n
(2ms — 25171 j, + 1).i = 2n0+9)-2 p'n (3.40)
in (3.40) if 6, > 1, then we have
(2ms — 28171 j, +1).i = 2n0+9)-2 p'n
p—-pi+i)=p.i
p-p+ti)=p
_ p+td=p
l=p,
it is contradiction.
If §;, = 1 by continuing the above method we have a = (22t™s — 1) — (2™s + 2™s~1 + ... + 22 + 2) and
c=3s0
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a*+c*=b"
(a+c).i=2"0+) pn
[(2% ™5 — 1) — (2™s + 2M5~1 ... + 22 4 2) 4 3].i = 2n(r+9) p'n
[22+m5 _ 21+m5]_i — 2n(r+s). b’n

[Z _ l]l — Zn(r+s)—(1+m5). b’n

i= Zn(r+s)—(m). b'n,
on the other handn(r + s) — m > 0 so it is contradiction.
(I13,) If 64 = 1equation (3.38) is as follows
m—2

Z 2 4 2m 28171y = gnlr2

’ j=0
Yer 2 4+ 2m Tt — 20y = 2ne2 (3.41)
by continuing this method, we have two modes

1) The equation (3.41) is a contradiction,
2) In the equation (3.41),2.i, is a geometrical progression with respect value of 2.
In this mode the equation (3.41) establishes. In future, we will show, with respect properties of FLT, this mode
doesn’t establish.
(II33) If n(r + s) < 2son < 2 hence F.L.T conditions isn’t established.
(I3 )Ifm < 2wehavem’ < msom' = 1orm' = 0.
(II341) 1fm = 2thenm’ = 1soc = 3anda = 23 — 1 — 2i = 7 — 2i. Now we canchoose only
i = 1,thereforea = 5,50
5" + 3" = p"

n—-1

(5+3) ) 50D, (=3) = b"
=0

, 8.i=2".p"

23.i=2" b™ (3.42)
from (3.42), we have n’ = 3son = 3andr’' = 1. It means

53 +3% = (2b)3

125+27 =8b3

152 =8b3
19=05b"3

It is contradiction. n
Il If m < m' then proving is as Il.

Theorem 3.3.2. If @, ¢ = i are complete number in N, then equationa + ¢ = 2"+ p"b" = iin > 3,n €
N isn’t established.
Proof. Suppose
a = 2mt1_1q;
c = 2m’+1 -1
o)
a+c=2m1 y2mt 2 = 2n(rts) p
= 2mtl 4 gm'+l — 2n@+s) p 4 2
= 2m 4 2m = 2n(r+s)-1 pr o4 q (3.43)
with respect to m,m’ > 1, in §;_,equation (3.43) is as follows
pt+p=pi+i
p=p+i
p =i
It is contradiction. ]
Theorem 3.3.3. If a, ¢ = i are incomplete numbers in N, then
a + ¢ =2n0+s) p”
= (complete number) + (incomplete number) ,
or
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a+ c = 2n0+) p’
= (complete number) + (complete number) ,
Proof. Suppose that,
a=Y", 2/-2m kD,

c=yr, 2 -2m ey,
So , o
at+c=3", 2+3pr, 2/ -—2m ke j_gm-Gk/oly (3.44)
now we consider to different cases between m and m’ in (3.44)
Hm = m';
IHm > m;
IHm <m’;

1) If m = m'’ then equation (3.44) is as follows

m m'
=0 j=0
m m

=z 21'+Z 21'—(2’"1+---+2ml)—(2""1+---+2""s')
j=0 j=0 '
=[Smy 2]+ ([T, 2 - @M 2T 2 2™ )],
m

Z 2/is a complete number but there are diffrent statements in follow equation
j=0 ,

[Zmo 27— @™tk 2m2m g 2m ),

I) if2™ 4 ... 4 2™ 4 2M1 4 g 2™ < (2™ 1+4.. +2) (the greatest defector)

so according to theorem 2.2.8
m

Z 2/ — (2™ g 2M L 2M g 2™ )
j=0
is an incomplete number,
hence
a+ ¢ =270t p”
= (complete number) + (incomplete number) .
I)If 2™ 4.4 2M 4 2M 1 ..o 4 2™ = 2m 14 42 (the greatest defector) ,
S0

m m
Z 2/ — (2m g 2 2 g 2™ ) = Z 2 — (2™ 14, 42)
j=0 j=0
m
- Z 2 —(2m—2)
j=0
m—1
= Z 2/ -2
j=0
=2"M+1,
hence
a + ¢ =2"0+s) p”
= (complete number) + (incomplete number) .
Ig)If 2™ 4o 2 4 21 4y 2™ = (2714 42) + 2
So
m m
Z zi—(zml 44 2M 4 2Mm 1 +~~+2"’s’) =Z 2 —(2m 14 4+2)+2
j=0 j=0
m
= Z 2/ —2m
j=0
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m—1
= Z 27
j=0
Hence
a+ ¢ =2"0s) p”
= (complete number) + (omplete number) .
IF27M1 4 oo 2 4 2M 1 4 2 = (2714 42) + 22,

S0
m m
Z 21'—(2'"1+---+2ml+2m1+---+2’"s’)=Z 2 —(2m 14 +2) +22
j=0 j=0
m
=Z 2 - (2m+2)
1 j J=0
hence

a + ¢ =2"tS p”
= (complete number) + (incomplete number) .
If2M1 4 oo 2 4 2 1 e 2 = (2™ 42) + 22 4 2,

SO
m m
Z zi—(2m1+---+2ml+2m1+---+2"‘s’)=Z 2 —(2m 14 4+2)-22-2
j=0 Jj=0
m
=Z 2 _(2m—2)—-22-2
j=0
m
=) Y-@r+2y
j=0
m—1
= 2] _ 22
j=0
hence

a + ¢ =2n0+s) p”
= (complete number) + (incomplete number)
If2M1 4 o g 2M 4 2m 1 4o 2™ = (2m 14 42) 42Kk 42k k> K
o)

m m

J j=0
=yt 2 - 2k 42K 44 2),
hence
a + ¢ =27+ p”
= (complete number) + (incomplete number) .
[f2M1 4 o 2 4 21 4o 2™ = (2M14 42) 4 (2714 42),

SO
m

m
Z 2 — (2 e 2™ 2 e 2 ) = Z 2 —2(2™1+..42)

j=0 j=0
=(2m1 -1)-2(2™m-2)
— (2m+1 _ 1) _ (2m+1 _ 4)
=23 +1,
hence
a + ¢ =2"0s) p”
= (complete number) + (incomplete number).

2/ — (2’"1 Foeed 2M 4 2M L 4o 2T s’) = Z 2 —(2m 4+ 2k g 42K 4 2)
=0
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I) Ifm > m', then we have

a+c=3", 20+3", 2 - (zm1 4o 2M) — (2™ 44 2T )

in%HMtﬂﬂo ?’BamNmawmmmMMmmMMBw$ameﬁo ﬂ—(ﬂ”+m+zm+2ﬁ1+w+
2Zm’s’as follows,

II) If (2™ + ... + 2™ + 2M1 4t Zm's') < 2m-14. . +2 (the greatest defector) so according to theorem 2.2.8
m

D 2 (2m b2 2y 2
j=0

is an incomplete humber,

hence

a + ¢ =2n0+s) p"
= (complete number) + (incomplete number) .
I1,) If (2’"1 +oee 2™ 4 2Mm1 4. 4 2™ s') = 2™m"14 42 (the greatest defector) so
m

m

Z 2/ — (2'"1 b 2M 4 2M L 4o zm's') = Z 2/ — (2™ 14+..+2)

j=0 . j=0
- z 2— (2m-2)
j=0
m—1
= Z 2/ +2

j=0
=2Mm+1, ’
hence

a + ¢ =200+ p"
= (complete number) + (mcomplete number) .

113)|f(2m1+ 2™ 42 2™ =@+ 42 + 2,

SO
m m
Z zf—(zml+--~+2mt+2m1+~-~+2ms’)=z 2/ — (@™ 4. 42) + 2)
i= . j=0
:Z 2/ —2m
j=0
=3 2,
hence

a + ¢ =2n0+s) p”
= (complete number) + (complete number) .

F 271 4 oo 20 4 21 4o 2™ = (2P L 42) + (27 L. +2),

SO
m , m )
Z 21'—(2"‘1+~~+2’"l+2’"'1+~~+2'"s’) :Z 2/—(2m—-2+42™m —2)
j=0 j=0
=yt 2 -2™ +4, (3.45)
ifm' = m — 1s0(3.45) is as follows
m ) m—1 '
Z 2 — (2m e 2 M 2 ) = Z 2 —2m 44
j=0 j=0
= Z 2+ 4
j=0
=M% 4. +224+2+1)+2%
=2m142+1,
hence
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a+ ¢ =2"0S) p”
= (complete number) + (incomplete number) .
Ifm' < m — 1s0(3.45) is as follows
m

Z 2/ — (2"’1 Foeed 2M 42T 4 2™ )
j=0 , , ,
=(@m 4. p2mtpm 4 422424+1)-2™ +4
—(@m 4 p2m Ml 122424 1)+4
= (@Ml 2mtip2m 424 1),
hence
a + ¢ =2"0+) p”
= (complete number) + (incomplete number) .

) If m < m' then proof is same as (l1). [

4, Conclusion

We have devised a binary-power decomposition that partitions each integer into a full geometric sum of
2-powers minus its defectors, establishing: A unique identifier for any integer via its missing terms. A rank
metric and a straightforward algebra of parity under addition and exponentiation. An elementary recovery of
Fermat’s Last Theorem for n > 3, relying solely on parity constraints and decomposition uniqueness. This
approach suggests further applications to general exponential Diophantine equations, potential refinements in

combinatorial number theory, and a new perspective on classical parity-based proofs.
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