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Abstract: The mathematical tumor model is an efficient tool for analyzing the tumor growth and propagation. 

It also helps to plan the treatment in a more accurate way. The net killing rate of tumor cells helps to monitor the 

growth or decay of the tumor. In this article, two types of one-dimensional time-fractional tumor model is taken 

based on two types of net killing rate. In addition, fuzzy initial condition is considered. The solution is obtained 

by the use of an analytical method called the optimal homotopy asymptotic laplace transform method 

(OHALTM). Numerical experiments are given for both cases to validate the new approach. The small margin of 

absolute errors shows the accuracy of the solutions. The fractional derivative with fuzzy initial conditions in the 

tumor model is also discussed. 

Keywords: Tumor model, Fractional differential equations, Optimal homotopy asymptotic laplace transform 

method, Fuzzy initial condition. 

 

1. Introduction 
A tumor is a dynamical system in which cancer cells grow and affect other parts of the body. Tumor scan 

be classified into many types, including brain tumors, bone tumors, lung tumors, pancreatic tumors, and others. 

It destroys good cells by lowering the level of oxygen and nutrients in the blood.Therefore, understanding tumor 

dynamics has opened up a huge opportunity for biological, medical researchers, and mathematicians as well. 

The researchers developed different approaches to discuss tumor growth and treatment outcomes. Among them, 

mathematical modelling has been shown to be a successful tool to provide an analytical framework of the 

elements of the immune system involved in cancer treatment. The first mathematical model that studied cancer 

treatment was developed by Gompertz in 1825. His model includes tumor cell proliferation and death. Later, 

mathematical models were formulated that describe the interactions of different elements in the tumor 

microenvironment [1–3]. Within the tumor microenvironment, immune cells, cytokines, chemokines, hormones, 

and tissue cells are found. Understanding these cell interactions is important for designing better tumor 

treatment. In addition, real data should be modelled with the highest possible accuracy. From this point of view, 

fractional differential equations(FDE) areutilize deffectively in a wide range of  biological systems [4–6]. FDEs 

in tumor modelling allow researchers to better realize tumor cell progression and tumor immune cell 

interactions.Iyoila et al. [7] introduced a time-fractional tumor model based on different types of tumor cell 

killing rates. 

The net killing rate provides information about the growth or decay of the tumor.This could help 

researchers to achieve a more realistic and holistic description of tumor behavior and choose a particular 

treatment profile. Anone-dimensional tumor model was introduced by Benzekry et al. [8] to examine cancer cell 

proliferation using a growth equation with multiple assumptions of constantrate. Moyo et al.[9] investigated a 

one dimensional tumor model with a variable killing ratio. Aliet al. [10] discussed this tumor model in which the 

killing ratio varies with the concentration of tumor cells. In our paper, we explored two fractional tumor models 

based on two types of therapy dependent killing ratio. 
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Here, ( , )q t is the concentration of tumor cells. We use the fractional derivative in the Caputo sense. In 

Eq.(1), the killing ratio depends only on time and in Eq.(2), the killing ratio varies with the concentration of 

tumor cells. 

Most real life phenomena contain uncertainties and occur across various fields, including medicine, 

physics, chemistry, engineering, and others. This fuzziness may arise while collecting and measuring data. It 
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may also arise at the time of formulation of the boundary and initial conditions. As a result, many researchers 

replaced uncertain crisp quantities with fuzzy quantities that led to fuzzy fractional differential equations [11–

13]. 

In recent years, different homotopy techniques have been widely used in solving linear and non-linear 

problems. In 1992, Liao [14] proposed the basic ideas of the Homotopy analysis method (HAM) to find analytic 

solutions to non-linear problems. In 2008, Marinca et al. [15]introduced a new homotopy method called the 

Optimal homotopy asymptotic method (OHAM) to solve non-linear problems. Later, Azimi et al. [16] applied 

OHAM to solve strong non-linear differential equations. OHAM reduces the size of the computational domain 

and is therefore easy to solve. Similarly for HAM, the advantage of OHAM is the integrated convergence 

criterion. Several articles are present in the existing literature that establish the validity, simplicity, consistency 

and application of the method in different fields of science [17–19]. In this paper, we extend OHAM to the 

Optimal homotopy asymptotic laplace transform method (OHALTM) to solve the fuzzy fractional tumor model. 

The rest of the paper is constructed as follows: Some definitions related to this work are given in 

section2. Application of tumor modelling in industrial engineering is discussed in section 3. In section4, the 

outline of OHALTM is discussed. Some theoretical analysis are done in section 5. Next, the analytical solutions 

of two types of fuzzy fractional tumor models are obtained in section 6. Graphical representations and numerical 

discussions are given in section 7 to validate the method. Final remarks are provided in section 8. 

 

2. Mathematical Preliminaries 
In this part, we discuss some basic definitions related to fractional derivatives and fuzzy mathematics. 

Definition 1: A fuzzy function is defined to be a mapping 
1 1: ,E E    and  set is: [20] 

[ ( )] [ ( , ), ( , )],q t q t q t  
         

(3) 

where t  and 0 1  . 
1E is the set of all fuzzy numbers. 

 

Definition 2: The well-known Caputo fractional derivative of order   of the fuzzy function ( , )q t can be 

described as: [21] 
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3. Application in Industrial Engineering 
Mathematical tumor models are deeply incorporated with industrial engineering. It works as a bridge between 

biological tumor dynamics and medical treatment procedures. Analysing the biological constraints, engineers design 

treatment procedures that maximize patient survival rates as well as minimize overall system costs. Tumor models 

predict how patients will respond to long-term treatment protocols. Engineers model the balancing between tumor 

chronological structures and oncology workloads. Industrial engineering also models flexible therapeutic processes 

by adjusting dosing schedule mathematically to demolish tumor cells while minimizing the long-term harm on 

the surrounding healthy cells. Industrial engineers use the Gompertz growth or logistic growth tumor models as 

fundamental constraints in optimal control theory.  This helps to secedule the amount of dose and planning of 

chemotherapy or immunotherapy to minimize tumor volume and minimize the overall toxicity. [22, 23] 

Cancer is one of the main causes of death nowadays. Mortality due to cancer can be reduced if tumors 

are detected earlier so that treatment is started at a less aggressive stage. Also, the refinement in cancer 

screening, treatment and care is equally important. To enable suitable screening strategies for any cancer type, 

mathematical models are designed for quantifying the benefits of screening strategies. Tumor treatment 

immune-therapies require a highly optimized supply chains. Analyzing mathematical tumor models, engineers 

can predict pharmaceutical demand. This helps the medicine distribution networks to ensure treatments reach 

patients. Engineers also develop an optimization plan to control appointment queues based on the biological 

natures of the tumor, substituting traditional chronological sequencing. [24, 25] 
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4. Optimal Homotopy Asymptotic Laplace Transform Method for fuzzy fractional differential 

equation 
To outline the OHATM process, we take a nonlinear differential equation of the form 

1( ( , )) ( ( , )) ( , ) 0,M q t N q t a t t D                (5) 

with 
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q
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
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where ( , )a t is an analytic function and 
1D is the domain with boundary 

1B . 

Taking the Laplace transform on both sides of Eq.(5), we get 

{ ( ( , ))} { ( ( , ))} { ( , )} 0L M q t L N q t L a t       .                                                                                       (7) 
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where ( )l is a non-zero auxiliary function associated with the embedding parameter l  when 0l  and 

(0) 0  . 

When 0l  then 0( , ,0) ( , )t q t     and when 1l  then ( , ,1) ( , )t q t    . Thus, the deformation ( , , )t l   

transforms the initial guess 0 ( , )q t  into the actual solution ( , )q t  as l progresses from 0 to 1. 

Here we can obtain 0 ( , )q t  by placing 0q   in Eq.(8) and Eq.(6). 
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The auxiliary function ( )l  is assumed to be a polynomial function of the embedding parameter l . 

2 3

1 2 3( ) ,l m l m l m l                                                                                                                           (10) 
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Now we substitute Eq.(11) in Eq.(8) and equate the coefficients of powers of l . Then we have 
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where 0( ( , ),..., ( , ))j jN q t q t    is the coefficient of 
jl in ( ( , , ))N t l  . 
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By taking the inverse Laplace transform, we can express the approximate solution of Eq.(5) in the form 
1

1 2 3 0 1 2 3

1
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Since Eq.(5) is in a fuzzy environment, two solutions: ( , )q t  and ( , )q t  can be obtained. 

From Eq.(10) and Eq.(5) we get the residual in the following form 
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It can be observed that the constants 1 2 3, , ,...m m m determine the n-th approximate solution in Eq.(18). 

To find these constants, different methods, such as the weighted residual least squaremethod (WRLSM), the 

Galerkin method exist in the literature.We use WRLSM by constructing a function 
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The constants 1 2 3, , ,...m m m  are calculated by solving the set of equations 
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5. Theoretical Analysis 

Theorem1: The series solution
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Since λ lies between 0 and 1, 0 ,r sQ Q as r s    . 
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So, the sequence  
0n n
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


is a Cauchy sequence that implies that the series solution
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Hence, the theorem is proved. 

 

6. Applications and Numerical Experiments 
In this part, we have taken two types of fractional FPE with fuzzy initial conditions. 

 

Example 1: 

First, we take the one dimensional tumor model of the form [26, 27] 
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, 0,0 1t    , with initial condition ( ,0) ( ) aq k e    [26] where ( ) ( ( ), ( )) ( 1,1 )k k k        . 

The exact solution of Eq.(21) is given as 
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By applying OHALTM as illustrated in section 4, we get the following: 
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and so on. We calculate the constants 1 2 3, , ,...m m m  using WRLSM. By putting the values of the constants and 

the initial conditions, we get the successive iterations as follows. 
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and so on. 

 
(a) Solutions for 1                                                                                 (b) Exact solutions 

Fig. 1: Surface plot of the (a) approximate solution and (b) exact solution of Example:1. 

 
(a) AE in UB solutions                                                                      (b) AE in LB solutions 

Fig. 2: Comparison of the AE in the solutions of Example:1 for (a) UB and (b) LB. 

 

 
Figure 3: 2D curve of UB solution of Example:1 for different values of 𝛖 
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Example 2: 

We take another form of time fractional tumor model as[27] 
2

2

2

( , ) ( , ) 2 ( , )
( , )

q t q t q t
q t

t





  


  

  
  

  

  
 ,             (23) 

, 0,0 1t    with initial condition ( ,0) ( ) aq k    [27] where ( ) ( ( ), ( )) ( 1,1 )k k k        . 

The exact solution of Eq.(23) is given as 
4 3 4 4 2 2 2 2( , ) ( ) [ 10 2 (31 6 ) 6 ( 5 2 )]a a a aq t k a a a a                  [27]. 

The homotopy for OHALTM is taken as 
2

2

2

( , ) 2 ( , )
( ( , , ), ) ( ) ( , ) 0

q t q t
t l l l q t

 
  

  

  
      

  

 
  .     (24) 

By applying OHALTM as illustrated in section 4, we get the following: 

2

1 20 0

1 0 1 02

( , ) ( , )2
( , ) ( , ) ( , )

q t q t
q t q t L s L m q t  

  
 

 
     

      
     

 
    ,                                                                          

2

1 2 20 0

2 1 1 1 2 02

2

21 1

1 2

( , ) ( , )2
( , ) ( , ) [ {( ) ( , )

( , ) ( , )2
( , ) }],

q t q t
q t q t L s L m m m q t

q t q t
m q t

  
  

 

 


 

    
      

 

  
   

 

 
  

 


 

and so on. We calculate the constants 1 2 3, , ,...m m m using WRLSM. By putting the values of the constants and 

the initial conditions, we get the successive iterations as follows. 
2 2

2 2

1 1 1

3
( , ) ( ) [ ( )] ,

(1 ) (1 ) (1 )

a
a at a t t

q t k m k m
  

   
  

     
       

        

   

 

And so on. 

 
(a) Solutions for 1                                                                      (b) Exact solutions 

Fig. 4: Surface plot of the (a) approximate solution and (b) exact solution of Example:2. 
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(a) AE in UB solutions                                                                        (b) AE in LB solutions 

Fig. 5: Comparison of the AE in the solutions of Example:2 for (a) UB and (b) LB. 

 
Fig. 6: 2D curve of UB solution of Example:2 for different values of 𝛖 

 

7. Numerical Discussions 
Fig.1 shows the surface plots of the AS for 1   obtained by OHALTM with the exact solutions for 

example:1. The 3D graphics are drawn at the inflection value 0.5  , where the fuzzy LB solution becomes 

the fuzzy UB solution. The absolute error (AE) 3( , ) ( , )exactE q t q t    between the exact solution and the 

third iteration is calculated here. The small margin of the AEs in Fig.2 shows the precision of the solutions. 

From the 2D curves in Fig.3 we can see that the concentration of cancer cells gradually decreases as time 

progesses for UB solutions for different values of υ when the net killing rate is solely dependent on time. 

In Fig.4, the surface plots of the AS for 1   and the exact solutions of example:2 are shown. The 3D 

graphics exhibit that the solution by the aforesaid method is well-suited to the exact solution.The absolute error 

curves for the upper and the lower-bound solutions are given in Fig.5. From the 2Dcurves in Fig.6, we can see 

that when the net killing rate exhibits dependence on the tumor cell concentration,the concentration of cancer 

cells decreases over time for UB solution for different values of υ. 

 

8. Conclusion 

In this article, two types of one-dimensional time-fractional tumor models are analyzed. In the first type, 

the net killing rate is solely dependent on time, and in the second type, the net killing rate shows dependence on 

the concentration of tumor cells. Fuzziness in the initial conditions is included. The optimal homotopy 

asymptotic laplace transform method is used to find analytical solutions of the fuzzy fractional tumor models. 

Numerical experiments are given for both cases to validate the new approach. The impact of the time-fractional 

derivative and fuzzy initial conditions on tumor cell concentration is being investigated. Finally, we say that this 

research is of considerable importance,since this method can be applied to obtain analytic solutions of different 

tumor models as well as different fuzzy fractional differential equations. 
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