International Journal of Latest Research in Engineering and Technology (IJLRET)
ISSN: 2454-5031
www.ijlret.com || Volume 02 - Issue 06 || June 2016 || PP. 53-58

Generalization of the Great Ricci Curvature Vector Formulae
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Abstract: In this paper, we expressed the Riemannian curvature tensor in terms of the Great Metric Tensor for
all gravitational fields in nature in the Cartesian coordinates. Hence the results are used to derive the generalized
Riemannian curvature scalar and Ricci Curvature tensor formulae in the Cartesian coordinates which are
mathematically most elegant, physically most natural and satisfactory.
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1:0 INTRODUCTIONS
The Cartesian coordinates (x,y,z x°) are defined in terms of the spherical polar coordinates
(r,6,9,x°) by [1-2]

x = rsinfcosg (1)
y = rsinfsing (2)
z =rcosf 3)
Here:
1
r=[x?+y*+z%]2 (4)
and
6 = cos™! [—Zf] 5)
(x2+y2+22)2
and
— tan—1[2
¢ = tan [x] (6)

The great metric tensor for all gravitational fields in nature in spherical polar coordinates (, 8, ¢, x°) is
given as [3].

2
goo=—(1 +C_zf) (7
2 -1
gu = (1 + C_zf) )
Go2 =77 C))
g3z = r’sin® 6 (10)
Juwy = 0; Otherwise (11)

From the well know transformation equation given by the covariant tensor [6,7] and consequently,
upon transformation by using (2.1)-(2.8) we obtained the Riemannian metric tensor for all gravitational fields in
the Cartesian coordinates explicitly as [4]:

guv = huV + ﬁl"] (12)

where

hi1 = hy = hz3 =1 (13)
x?2 - —1\/2\"

o=y, (&) 1 as

fz=fa= [3624_;6,—}2}4_22]2 (_nl) %) f"=9ax (15)

fiz =fan :M—i_l_zz]z (_nl) %) fr (16)
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n=1

n=1

f22 _[ Y
f23 = f32
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o=
h,, =—1

2 n
foo = - C_Zf
and

h,, = 0= f,, ; Otherwise

DE

-1
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CHE)
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and the determinant of this metric tensor, denoted as g is given by

g=-

17)

(18)

(19)

(20)
21D

(22)

(23)

if g,,1S a covariant metric tensor, then according to tensor analysis the contravariant metric tensor for this
Riemannian metric tensor denote as g*¥is given as:

2
9 =—(1+2)
u (x2 + yz)

g =1+

g22= 1+

and

-1

g*’ = 0,otherwise

According to the theory of tensor analysis the Riemann curvature tensor, Raﬂ
+ T Feﬁ
is the Christoffel symbol of the second kind Pseudo tensor and comma denotes one partial

RS apy = =17
where T,

ay .~ oy

apy

LG )
DG G030
DE e 20

2.0 THEORY

)
a[f Fey

(24)

(25)

(26)

27)

(28)

(29)

14
(30)

is defined [3] as:

differentiation with respect to the corresponding space-times co-ordinates. Therefore the Riemann curvature
tensor based upon the Great metric tensor in Cartesian coordinates are given in terms of the Christoffel symbols
of the second kind of pseudo tensor as follows

0 _
Rggo = 01

1 _
Roo1 =To1p0

3 11
_ 1—‘00 1—‘31

2 _ 12
ROOZ - l—‘02,0

3 12
— l—‘001—‘32

3 _13
R003 - l—‘03.0

3 13
0 o 1HOOF133 0

0 _
Rg10 =T00,1 = To1,0 + Tool11

1
Roy1 = 02

2
R12 = To21

3 2
— I3,

3 13
R013 - l—‘03,1

— 513
R0 =T002 — To20 + TooT 92 — T02l%0 + o0, — T5,T90 + TooT32 — 623 (40)

—Tg01 + 01 T50
2 0 2
—IGo,2 + Lo2Lgo

3 0 3
— 90,3 + Tozloo

2 0 2
—T%12 + To2T01

3 0 3
—Ig13+ Tozlos

— TooTo1 + o1 T3
— 00T, + IoaT o
— ol + To3To
— Lol +T60I2s
—T0T51 + T5pTh

— 0055 + T3l

1 -3
- 1—‘011—‘13

—Toolh1 + 51T
—Toolh2 + T52T 50
—Tool3s + T35
— 61120 + 0I5

— T3, + 5,05

2 13
— gzl

3 10
—T'01T30

(3D

— TGl + g3

(33)

— g%, + 3%

(34)

2 3 3 3
—Igol23 + To3l'30

(35)
(36)
(37)

— 505 + 5,05

(38)

— 5035 + 5al5,

(39)
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T 1 0 1 0 1 T 1 T 1 7 1 7 1 3 1
Riz1 = To12 = Too,1 + To1T02 — To2l01 + To1T12 — Toal o1 + 161122 — ToaT21 + o113,

— T35 (41)
Rf =0 (42)
R3ys = T3y — Toas + T0sT0, — T0aT0s + T35, — TopT3s + T35, — G053 + Iaal3,
3 3
— 2133 (43)

0 0 0 0 2 10 2 3 3 10

R830ZFOO,S_F03,0+F§OF%13_1;33510 +11001123—1Io3rgo +1;00Fg3—1;03r30 (434)
1 1 1 1 1 1

Riz1 =T013 —To3,1 + To1T03 — To3loz + To1T13 — ToaTiy + Tgal2s — gal2g 4+ Tgil3s

— 33151 (45)

R}z =Th23 — o3z + T02053 — T03T62 + TaT5s — ToaT5, + I,T 55 — [53T5, — To2l5s
—T3sl5, (46)

Ris3 =0 (47)

Rf1o =T901 —T910 + T30 — 91 T00 + TeIYy — T1iT% + T5oI9; — il + T3I%;
— 115 (48)

Ri;; =0 (49)

R}, =Th, 1 —Th, +T1,T6 — TG, + TipT5 —ThTT, +T3.05 — T3, + 13,05
—-TiT%, (50)

R}z =Ti31 — T35 + T9lgy — 1110 + Tisl3; — T 153 + T3 — IiT3s +T5;05;
—-TiT3 (51)

RYy = r(1)0,2 - r(1)2,0 + T9pI02 — 15100 + [ipI%, — T1pT90 + T3oI9, — il + I30T%,
— 1205 (52)

Riy = rh,z - r%2,1 + 9 Tg; —T9,T0; + 55y — T + 15,03, — 3,13, (53)

R =0 (54)

R}y3 =T33, —Tiy5 + T13T0, — 1,103 + TiaT5, — Tiplds + T3, —T,05; + 575,
— 1205 (55)

Ri3 = r(1)0,3 - r(1)3,0 + T'9pI03 — 13100 + TipI%s — IisT% + T3oI23 — T390 + 303
— T35 (56)

Ris = r%1,3 - r%3,1 + 9003 —T93T0; + 5T — [Ty + 153033 — 3313, (57)

Rl =Tiy3 —Tis, + 19,063 — [13T5; + T1oIT — [13T5, + [5053 — [53T5, + 5,15

; —T5:T% (58)

Riz3 =0 (59)

Ry = r80,2 - ng,o + 900, — 92100 + I30T9y — T5 %0 + T50I9; — I5,T9 + T3eTY,
— 3,5 (60)

Riy =T317 —Thpq1 + 9100, = T9,T0; 4+ T51T1, — T30y + 5,5, — T5,T51 + 513
— 3,15 (61)

R%zz =0 (62)

Ri;3 = r33,2 - ng,s + 9308, — [9253 + [33T3, — Th[5s + 5305, — [5,055 + 3313,
~ 3,13 (63)

R930 =T903 — 930 + I90T03 — 93100 + 3T 95 — [33T90 + 50195 — 3319 + 3019
— 3315 (64)

Rizy =T33 —Th31 + 91 To3 —T93T0; 4+ T51T%3 — 33031 + T35 153 — T53T5; + 13,133
—T3:I% (65)

R}y =T33 — T3 + 19,103 — T93T6, + T3l 53 — 33T, + 13,15 — 3315, (66)

Ri; =0 (67)

R330 = T303 — 330 + T39I 03 — T9:T00 + 30193 — I35 + T3T93 — 3319 + 313
— 3315 (68)

Riz =T33 — 331 + 1903 — T93T01 + 31013 — [33T1; + 15,193 — 3305 + 31133
— T35 (69)

R}y =T333 =T33, + 19,163 — 310, + 51055 — [33T5, + [5,05; — [5305, + 13,15
— 305, (70)

Riz =0 (71)
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These are the formulae for the Riemann Curvature Tensor in all gravitational fields based upon great metric
tensors in Cartesian Coordinates. In this paper, we demonstrate how to use the Riemann curvature tensor in
Cartesian coordinates to formulate hitherto unknown but mathematically most elegant, physically most natural
generalize Great Riemannian Curvature Scalar and Great Ricci Curvature Tensor formulae in Cartesian
coordinate. It is imperative to say that a comma indicate a partial differentiation with respect to the unit vector.
Thus ( 1,2,3,0 ) denotes partial differentiation with respect to (x, y, z, ct).

2.1 The Generalization of the Great Ricci Curvature Tensor in Cartesian Coordinates
It may be noted that the Ricci Curvature Tensor in 4 dimensional space-times denotes as, R

in all gravitational fields and all Orthogonal Curvilinear Coordinates x by [5]:
Ry =RSe, €=0,1,23 (72)
Based upon the great metric tensors in Cartesian Coordinates, the Great Ricci Curvature tensors formulae are
given as follows:
Roo = To10 = To01 + 20 =802 + 330 = To03 + 191160 — [ooTo1 + FoalTo — Toolt + 205115

— TG0l %1 + 2151150 — Tol'31 + 02160 — T00 62 — Lol T2 + F2l%0 — [iol'%, + 215,15

—Tgol5, +T03T50 — T00Ta3 — TooT1s — I5ol3s + 3330

—T5ol3s (73)

L 1S given

Ryy = Ryp = 1ﬂ(0]0,1 - 1H81,0 + lH(Z)z,l - lH(Zn,z + lH(3)3,1 - lH(3)1,3 +TgolY; —T6: 190 + ToI%; + Tgol3y = 19115,
+ r(12)21“21 - 1“(12)11“22 + F(Z%zrgl - Félrgz +T020% —T61T%, — o1 Tas + TosTi1 — Tl
+ Ig3l%1 —To1l23 + 153151 —Tp1033 (74)

Roz = Ry =T002 —T020 + To12 — To21 + To32 —2ng,3 + Tgollz + T5oT9, — T6aT90 + Tool32 — 02001
1 1 1 1 2 1 1 3 1 3 1 0 -3 1 -3 1 13
+ Fgﬂ%z - F(2)21%1 + Fglrgz - ngrgl + o113 = Toal'31 — Tgalo3 + Tosliy — pplis
+ 15315, —T'goI53 + T'gl3, — Iy, I 75
Ros = R3g =T0y5 — %36 N rloz i3r1 - ;22 —Ozr233 r(l r)" 3,095 + 3,15 — 3,19 — I8
03 = R3g = I'gg3 03,0 T 1011 03,2 T 1023 03,2 T LTool 13 + 5ol 23 + 190133 03130 03l o1
1 1 1 1 2 1 2 1 3 1 3 1 0 2 12 12
+ rg1r%3 - F23F%1 + r(3)1F%3 — r(3)31%1 + To1133 = To3l31 — Toalor + Toali3 — Fgal2
+ o053 — Tgslay + 12153 — Fgs s, (76)
1= r(1)0,1 - F(1]1,0 + F%2,1 - F%l,z + l?3,1 - l?1,3 + 900 —I13T00 + TiolTy — Ty T9 + 205,I9; — %,
3 10 3 0 0 2 12 12 2 2 2 2 3 2 3 2
+ 21(:101;31 = {111;30 - {11502 + 512511 = 5111;12 + I, — 11115, + 2T5,15 — 115,
+ r§1rg3 + i3l — T3 — T 153 + Tsls
0. Fnl“gg 1 1 3 3 1 10 0 0(77) 1 10 2 0 2 0
Riz =Ry =Th02 = T120 ¥ T112 = Tiz21 + 1432 = T3 + Tiollo2 — I12T00 — 12070 + Iiol22 — T2l
1 2 1 2 1 1 1
+ rzorgo - Fzzrgo + Fgl ng + Félrgz — T30 + T35, + 19315, — I1,T0; — T105s
+ 1305, — 1,053 + Ti3l33 = T133 (78)
Riz=Ryy =T —T g4k —Th 4012, . -T2, + 19,10 — %10, — 'l + 2,19 — 2,19
13 31 103 — T30+ T113 = Ti31 + 1123 = I3 + T1el03 — I'13lg0 — I'i3l10 + 10123 13120
+ onrga — rzs’rgo + Fgl F§3 + F§1F%3 + 151033 — 3313 + 9,163 — 1310, — T1T1,
+ o3 — T3l + 11,133 — 13003, 79)
Ry =T901 —T220+T312 — T30 + T332 —[3p3 + 190102 — 92100 + 2T50T%, — 3190 + T50T9,
2 0 3 0 3 10 0 1 1 1 1 1 2 1 2 1 3 1
- rézr%o + 21(:20£32 - {221;30 - 5221;01 + 1;211;12 - 1;221;21 + 1515, — T35 + 215113,
N r§2r§1 — 103 — Tgpla3 + T35, — 5053 + 153173,
0 FZZFSS 1 1 2 2 0 10 0 10 (180)0 1 10 2 10
Ra3 = R3p =T%03 —T230 + 1213 =T231 + 1523 — 1232 + 130103 — 23100 + T'30113 — 23110 — 23120
3 10 3710 0 1 0 0 1 1 2 3 1 3 1
+ F50F33 - F%3F%0 + F§1r33 - r§3r31 + T T3 =T33y —T5305 + 31053 — T5:T3
+ 15,1703 + 155173 + 13,133 — 15315, 81
Ry3 =T903 — 330 + 313 — 331 + %22 — [332 + [30103 — 33100 + 2I'301%3 — I33T9 + 205193
2 10 3 10 3 10 0 1 1 1 1 1 2 1 2 1 3 1
- rg3r%0 + rgorg3 - 1}31}0 - rg3r81 + 1"311"%3 - 1"331"%1 + 2031173 — 33131 + 31033
- Fg31"§1 — 33170, —T'33lip + 13,153 — T'5315; + 13,153
- Il o (82) _ _
These expressions are henceforth called the Great Ricci Curvature Tensor formulae in Cartesian Coordinates.

2.3 The Great Ricci Curvature Vector in Cartesian Coordinates
In the Theory of Tensor Analysis, we can express the vector corresponding to the Great Ricci
Curvature Tensor in Cartesian Coordinates, denoted by R, is given in all gravitational field as:
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(R),, = (900) " Roo (83)
(3)01 = (900)_%(911)_%1?01 (84)
(R),, = (1) 2(goo) 2R1g (85)
(3)02 = (900)_%(922)_%1?02 (86)
(R),, = (922)_%(900)_%1320 (87)
(R)ys = (900)_%(933)_%1303 (88)
(3)30 = (933)_%(900)_%1?30 (89)
(R),, = (g1) 'Ry (90)
(R),, = (911)_%(922)_%1312 (91)
(3)21 = (922)_%(911)_%1?21 (92)
(3)13 = (911)_%(933)_%1?13 (93)
(3)31 = (933)_%(911)_%1331 (94)
(3)22 = (922) "' Raz (95)

(3)23 = (922)_%(933)_%1323 (96)
(3)32 = (933)_%(922)_%1?32 97)
(5)33 = (g33)"'R33 (98)

This quantity is henceforth called the Generalized Great Ricci Curvature Vector formulae based upon
great metric tensor in Cartesian Coordinates.
2.4 Great Riemann Curvature Scalar
Follow the definition of Riemann Curvature scalar from the theory of tensor analysis, we show how to express it
in terms of the great metric tensor for all gravitational fields in nature in the Cartesian coordinate.
From the theory of tensor analysis, the Riemann curvature scalar in 4-dimensional space, R, is given in all
gravitational fields in all orthogonal curvilinear coordinates x* by [3]
R = g" Ry (99)
where g is the metric tensor and R, is the Ricci curvature tensor. This invariant quantity is known as the
Riemann curvature scalar.
It therefore follows that the unique expression for the Riemann curvature scalar based upon the great metric
tensor for all gravitational fields in nature in the Cartesian coordinate is given as
R =g"Roo + " Ry1 + 29" Ryp + 29" Ry3 + g% Ry + 29%°Ry3 + g*°Ry3  (99)

3.0 Results and Discussion

In this paper we showed how to formulate the generalized great Riemannian curvature tensor formulae
based upon the great metric tensor in Cartesian coordinates for all gravitational fields as (31) — (71). We then
developed the generalization of the Great Ricci Curvature Tensor formulae as (73)- (82). Equation (83)- (98) are
the generalized great Ricci curvature formulae in the Cartesian coordinates and equation (99) is called the great
Riemann curvature scalar in Cartesian coordinates. These results so obtained in this paper are hitherto unknown
and mathematically most sound and elegant and physically most natural and radial satisfactory. This is another
exploitation of the application of the great metric tensor to the Riemannian geometry and its application in
theoretical Physics

4.0 Conclusion
The door is henceforth opened for the expression of Riemann curvature tensor, Riemann Ricci
curvature tensor, Riemann Ricci curvature vector and Riemann curvature scalar in all dimensions in all
orthogonal curvilinear coordinates, based upon the great metric tensor for gravitational fields in nature.
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